ENHANCED SIX OPERATIONS AND BASE CHANGE THEOREM FOR SHEAVES 

ON ARTIN STACKS 



YIFENG LIU AND WEIZHE ZHENG 

Abstract. In this article, we develop a theory of Grothendieck's six operations for lisse-etale sheaves 
on Artin stacks and prove all expected properties including the Base Change theorem. This extends 
all previous theories on this subject, including the recent one developed by Laszlo and Olsson. In 
particular, if we restrict ourselves to constructible sheaves, we obtain the same six operations as Laszlo 
and Olsson but for more general Artin stacks, with the Base Change isomorphism constructed in the 
derived category, and without their technical assumptions on the base scheme or on the coefficient rings. 
Moreover, our theory works for higher Artin stacks as well. 

Our method differs from all previous approaches, as wc exploit the theory of stable co-categories 
developed by Lurie. These higher categories are viewed as enhancement of usual derived categories. 
We introduce the oo-categorical (co)homological descent for Cartesian sheaves and develop several co- 
categorical techniques, which, together with those in our previous article [27], allow us to handle the 
"homotopy coherence". 
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Introduction 



Derived categories of lisse-etale sheaves on Artin stacks, Grothendieck's six operations and the adic 
formalism have been developed by many authors including [9] (for schemes), [40] (for Deligne-Mumford 
stacks), [26], [5], [32] and [24,25]. These theories all have some restrictions. In the most recent and 
general one [24, 25] by Laszlo and Olsson on Artin stacks, a technical condition was imposed on the base 
scheme which excludes, for example, the spectra of certain fields 1 . More importantly, the Base Change 
isomorphism was constructed only on the level of (usual) cohomology sheaves [24, §5]. The Base Change 
theorem is fundamental in many applications. In the Geometric Langlands Program for example, the 
theorem has already been used on the level of perverse cohomology. It is thus necessary to construct the 
Base Change isomorphism not just on the level of cohomology, but also in the derived category. Another 
limitation of most previous works is that they dealt only with constructible sheaves. When working with 
morphisms locally of finite type, it is desirable to have the six operations for more general lisse-etale 
sheaves. 

In this article, we develop a theory that provides the desired extensions of previous works. Instead of 
the usual unbounded derived category, we work with its enhancement, which is a stable oo-category in 
the sense of Lurie [30, 1.1.1.9]. This makes our approach different from all previous ones. We construct 
functors and produce relations in the world of oo-categories, which themselves form an oo-category. 
We start by upgrading the known theory of six operations for (disjoint unions of) quasi-compact and 
separated schemes to oo-categories. The coherence of the construction is carefully recorded. This enables 
us to apply oo-categorical descent to carry over the theory of six operations, including the Base Change 
theorem, to algebraic spaces, higher Deligne-Mumford stacks and higher Artin stacks. 

0.1. Results. In this section, we will state our results only in the classical setting of Artin stacks on the 
level of usual derived categories (which are homotopy categories of the derived oo-categories) , among other 
simplification. We refer the reader to Chapter 6 for a list of complete results for higher Deligne-Mumford 
stacks and higher Artin stacks, stated on the level of stable oo-categories. 

By an algebraic space, we mean a sheaf in the big fppf site satisfying the usual axioms [4, 025Y]: its 
diagonal is representable (by schemes); and it admits an etale and surjective map from a scheme (in 
Scbu; see §0.5). By an Artin stack X, we mean an algebraic stack in the sense of [4, 026O]: it is a stack in 
(l-)groupoids over (Schu)f pp f; its diagonal is representable by algebraic spaces; and it admits a smooth 
and surjective map from a scheme. In particular, we do not assume that an Artin stack is quasi-separated. 
Our main results are the construction of the six operations for the derived categories of lisse-etale sheaves 
on Artin stacks and the expected relations among them. In what follows, A is commutative ring (with 
a unit), or more generally, a ringed diagram in Definition 3.2.1. Let X be an Artin stack. We denote by 
D(Xii S _ct, A) the unbounded derived category of (Xi; s _6t, A)-modules, where Xii S _ct is the lisse-etale topos 
associated to X. Recall that an (Xii S _<st , A)-module & is equivalent to an assignment to each smooth 



For example, the field k(xi, X2, ■ ■ ■ ) obtained by adjoining countably infinitely many variables to an algebraically closed 
field k in which I is invertible. 



ENHANCED SIX OPERATIONS AND BASE CHANGE THEOREM 



3 



morphism v : Y —> X with Y an algebraic space a (Yet , A)-module & v and to each 2-commutative triangle 

Y' 




with v, v' smooth and Y, Y' being algebraic spaces, a morphism r CT : f*^ v —> which is an isomorphism 
if / is etale such that the collection {r CT } satisfies a natural cocycle condition [26, 12.2.1]. An (Xii S _ ct , A)- 
module & is Cartesian if in the above description, all morphisms r a are isomorphisms [26, 12.3]. 

Let D C art(Xii S _ct, A) be the full subcategory of D(Xii S -gt,A) spanned by complexes whose cohomology 
sheaves are all Cartesian. If X is Deligne-Mumford, we have an equivalence D cart (Xii S _6t, A) ~ D(Xgt, A). 

Let /: y — > X be a morphism of Artin stacks. We define operations in §6.1: 

/ : D cart (Xii S _ot, A) — > D cart (yiis-6t, A), /*: D cart (Vii S -6t, A) — > D cart (Xii S _ct, A); 
— <8>x — : D cart (Xi is _6t, A) x D cart (Xii S _6t, A) — > D cart (Xii S _6t, A), 
Homx: D car t(Xi is _ ct , A) op x D car t(Xi is _ ct , A) -¥ D cart (Xi is _6t, A). 

The pairs (/*,/*) and (— ® Jfr, Hom(Jf, — )) for every Jfr £ D cart (Xi is -6t, A) are pairs of adjoint functors. 

We fix a nonempty set L of rational primes. A ring is L-torsion [2, IX 1.1] if each element is killed by 
an integer that is a product of primes in L. An Artin stack X is L-coprime if there exists a morphism 
X — > SpccZ[L -1 ]. If X is L-coprime (resp. Deligne-Mumford), /: ^ — >• X is locally of finite type, and A 
is L-torsion (resp. torsion), then we have another pair of adjoint functors: 

f\- D C art(Vlis-6t, A) — ► D cart (Xi is _ot , A) , f : D cart (Xiis-6t , A) — > D cart (yiis-ct, A). 

These operations satisfy the following properties, including notably the Base Change theorem. 
Theorem 0.1.1 (Base Change, Proposition 6.1.1). Let A be an L-torsion (resp. torsion) ring, and 




be a Cartesian square of L-coprime Artin stacks (resp. any Deligne-Mumford stacks) where p is locally 
of finite type. Then we have a natural isomorphism 

f* op\ ~ q\ o g* : D cart (Zn s _fit, A) -> D ca rt(Viis-6t, A) 

of functors. 

Theorem 0.1.2 (Projection Formula, Proposition 6.1.2). Let A be an L-torsion (resp. torsion) ring, and 
f : y — > X be a morphism locally of finite type of L-coprime Artin stacks (resp. any Deligne-Mumford 
stacks). Then we have a natural isomorphism 

fl(~ ®y /*-) - (/I - ) ®X D C art (yiis-ct, A) X D cart (Xlis-gt , A) -> D cart (X lis . ct , A) 

of functors. 

Corollary 0.1.3 (Kiinneth Formula, Proposition 6.1.3). Let A be an L-torsion (resp. torsion) ring, 




X J 1 ry > - ry 
\ ~- X 5*" J^2 

be a diagram of L-coprime Artin stacks (resp. any Deligne-Mumford stacks) that exhibits y as the limit 
yi ><Xi X Xx 2 yi, where f\ and /2 are locally of finite type. Then we have a natural isomorphism 

f\(q* - ®y<?2-) - (Plff.-) ®X (P2/2I-): Dcart (yi,lis-et, A) X D cart (y 2 ,lis-ct , A) -4 D cart (X lis _ et , A) 

of functors. 
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Theorem 0.1.4 (Proposition 6.1.4). Let A be a ring, /: y — > X be a morphism of Artin stacks. Then 

(1) We have a natural isomorphism 

/*(- ® x -) ~ (/*-) ® y (/*-): D cart (X lis -ct, A) x D cart (Xi is _ct, A) -> D cart (y lis -et, A) 

o//imcfors. 

(2) We have a natural isomorphism 

Hom x (-,/*-) /*Hom y (/*-,-): D cart (X lis _ 6 t, A) op x D cart (y lis _ 6 t, A) -> D cart (X Us . 6t , A) 
of functors. 

(3) ^IssMrae t/iai X is L-coprime (resp. Deligne-Mumford) , A is L-torsion (resp. torsion), and f is 
locally of finite type. We have a natural isomorphism 

/ ! Hom x (- -) * Homy (/*-,/'-): D cart (X lis . 6t , A)<* x D cart (X lis . 6t , A) -> D cart (y lis -ct, A) 

of functors. 

(4) Assume that X is L-coprfme (resp. Deligne-Mumford), A is L-torsion (resp. torsion), and f is 
locally of finite type. We have a natural isomorphism 

/*Hom y (-,/'-) ~ Homx(/i-, -): D cart (yi is -ct, A) op x D cart (X lis _c t , A) -> D cart (X lis _ 6t , A) 

of functors. 

Theorem 0.1.5 (Smooth (Etale) Base Change, Corollary 6.1.6). Let A of an L-torsion (resp. arbitrary) 
ring, 

W—^Z 

q p 

y — f -^x 

be a Cartesian diagram of L-coprime Artin stacks (resp. any Deligne-Mumford stacks) where p is smooth 
(resp. Stale). Then the natural transformation of functors 

P*f* -> 9*q*- Dcart(yiis-et, A) -> D cart (Zi is _6t, A) 

is a natural isomorphism. 

Theorem 0.1.6 (Proposition 6.1.7). Let A be an L-torsion (resp. torsion) ring, and f: y — > X be 

a morphism of L-coprime Artin stacks (resp. any Deligne-Mumford stacks) that is representable by a 
proper morphism of algebraic spaces. Then we have a natural isomorphism 

/* ~ f\: D cart (yiis-ct, A) — > D cart (Xii S _6t, A) 

of functors. 

Theorem 0.1.7 (Proposition 6.1.5). Let A be an L-torsion ring, and f : y — > X be a flat morphism locally 
of finite presentation of L-coprime Artin stacks. Then 

(1) There is a functorial trace map Try : r-°/iAy (d) = T-f\(f*Ax)(d) — > Ax, where d is an integer 
larger than or equal to the dimension of every geometric fiber of f ; A% and Ay denote the constant 
sheaves placed in degree 0; (d) = [2d](d) is the composition of the shift by 2d and the d-th power 
of Tate's twist; and idx is the identity functor o/D cart (Xii S _et, A). 

(2) If f is moreover smooth, the induced natural transformation Uf. f\ o/*(dim/) — > idx is a counit 
transformation. In other words, we have a natural isomorphism 

/*<dim/) ~ f : D cart (X lis _ct, A) -> D cart (y U8 .g t , A) 

of functors. 

(3) //, moreover, X, y are Deligne-Mumford stacks and f is locally quasi-finite, then, in (1) and (2), 
we only need to assume that A is torsion and do not need to assume that X is L-coprime. In this 
case, dim / = 0. 
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Theorem 0.1.8 (Proposition 6.1.8). Let A be a ring, f : y — > X be morphism of Artin stacks and y : yj — > 
y be a smooth surjective morphism. Let y+ be the Cech nerve of y with the morphism y n : y+ — > y_j = y . 
Putf n = foy n :y+^X. 

(1) For every complex X s D^°(y,A), we have a convergent spectral sequence 

K q = tt q (f P *y;^) Hf+V*^. 

(2) // X is L-coprime; A is L-iorsion, and / is locally of finite type, then for every complex ,J€ 6 
D-°(y, A), we have a convergent spectral sequence 

E?' 9 = H«(/_ p! yL p JO => W^f,X. 

Let S be either a quasi-excellent scheme or a regular scheme of dimension < 1, that is L-coprime. 
Let A be a Noetherian L-torsion ring. We consider only Artin stacks which are locally of finite type 
over S. Recall that an (Xu s _et , A)-module is constructible if it is Cartesian and its pullback to every 
scheme, finite type over S, is constructible in the usual sense. Let D cons (Xii S -ct, A) be the full subcategory 
of D(Xii S _ct, A) spanned by complexes whose cohomology sheaves are constructible. Let Dcon S (Xii S _<5t, A) 
(resp. Dions(Xii S _ot, A)) be the full subcategory of D cons (Xii S _et, A) spanned by complexes whose cohomol- 
ogy sheaves are locally bounded below (resp. above). The six operations mentioned previously restrict to 
the following refined ones as in §6.2 (see Lemma 6.2.3 and Proposition 6.2.4 for precise statements): 

/* ■ Dcons(Xn s _6t, A) — > D cons (yiis-6t, A), /' : D cons (Xii S _ct, A) — > D cons (yii S _6t, A); 

- ®x -: DH(l u , 6t ,A) x DH(1 M ,A) -y D^X^A), 

Hom x : (X lls ., t , A)<* x DW^.A) -> D« s (X lis -ct, A). 

If / is quasi-compact and quasi- separated, then we have 

/* : DW^iw, A) -> DW(I„, A), /, : D^GW A) -> D^) s CXi is -et, A). 

We will also show that when the base scheme, the coefficient ring, and the morphism / are all in the range 
of [24] , our operations for constructible complexes are compatible with those of Laszlo-Olsson on the level 
of usual derived categories. In particular, we prove the Base Change theorem in its full generality, which 
was left open in [24]. 

In the subsequent article [28] , we will define adic complexes and extend all the previous results to adic 
complexes. Let (S, A) be a partially ordered diagram of coefficient rings, that is, S is a partially ordered 
set and A is a functor from S op to the category of commutative rings (with units). For example, we can 
fix a prime i and consider the projective system 

► Z/£ n+1 Z > Z/£"Z -4 > Z/ffl, 

where the transition maps are natural projections. Inside the category D C art(Xg s _ 6t , A), there is a full 
subcategory D(Xg s 6t , A) ac ii C spanned by (3, A)-adic complexes. The inclusion admits a right adjoint 

Dcart (X^ s _ 6t , A) -> D(X^ s _ 6t , A) adic 

which exhibits D(Xg s 6t , A) a di C as a colocalization of D cart (Xg s 6t , A). We will also define constructible 
adic complexes and prove analogues of the theorems listed previously. 

0.2. Why oo-categories? The co-categories in this article refer to the ones studied by A. Joyal [21,22] 
(where they are called quasi- categories), J. Lurie [29], et al. Namely, an oo-category is a simplicial 
set satisfying lifting properties of inner horn inclusions [29, 1.1.2.4]. In particular, they are models for 
(oo, l)-categories, that is, higher categories whose n-morphisms are invertible for n > 2. For readers 
who are not familiar with this language, we recommend [17] for a brief introduction of Lurie's theory 
[29], [30], etc. There are also other models for (oo, l)-categories such as topological categories, simplicial 
categories, complete Segal spaces, Segal categories, model categories, and, in a looser sense, differential 
graded (DC) categories and Aoo-categories. We address two questions in this section. First, why do we 
need (oo, l)-categories instead of (usual) derived categories? Second, why do we choose this particular 
model of (oo, l)-categories? 
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To answer these questions, let us fix an Artin stack X and an atlas u: X —> X, that is, a smooth and 
surjective morphism with X an algebraic space. We denote by Mod(Xii S _et, A) (resp. Mod(Agt, A)) the 
category of (Xi is _^ t , A)-modules (resp. (X^ t , A)-modules) which is a Grothendieck abelian category. Let 
p a : X Xx X — > X (a = 1, 2) be the two projections. We know that if & G Mod(Xu s .^ t , A) is Cartesian, 
then there is a natural isomorphism a: p\u* ^ — > p\u* ^ satisfying a cocycle condition. Conversely, 
an object Sf 6 Mod(Act,A) such that there exists an isomorphism a: p*^S —> p^S satisfying the same 
cocycle condition is isomorphic to u* ^ for some & £ Mod(Xij S _ct, A). This descent property can be 
described in the following formal way. Let Mod C art(Xii S _6t, A) be the full subcategory of Mod(Xn s _6t, A) 
spanned by Cartesian sheaves. Then it is the (2-)limit of the following diagram 

Mod(A 6t ,A)=S:Mod((A x x X) 6t , A) ==g Mod((A x x X x x A) 6t ,A) 

in the (2, l)-category of abelian categories 2 . Therefore, to study Mod ca rt (Xi; s _st , A), we only need to study 
Mod(A6t,A) for (all) algebraic spaces A in a "2-coherent way", that is, we need to track down all the 
information of natural isomorphisms (2-cells). Such 2-coherence is not more complicated than the one in 
Grothendieck's theory of descent [18]. 

One may want to apply the same idea to derived categories. The problem is that the descent property 
mentioned previously, in its naive sense, does not hold anymore, since otherwise the classifying stack 
BG m over an algebraically closed field will have finite cohomological dimension which is incorrect. In 
fact, when forming derived categories, we throw away too much information on the coherence of homotopy 
equivalences or quasi-isomorphisms, which causes the failure of such descent. A descent theory in a weaker 
sense, known as cohomological descent [2, V bis] and due to Deligne, does exist partially on the level of 
objects. It is one of the main techniques used in Olsson [32] and Laszlo-Olsson [24] for the definition of the 
six operations on Artin stacks in certain cases. However, it has the following restrictions. First, Deligne's 
cohomological descent is valid only for complexes bounded below. Although a theory of cohomological 
descent for unbounded complexes was developed in [24] , it comes at the price of imposing further finiteness 
conditions and restricting to constructible complexes. Second, relevant spectral sequences suggest that 
cohomological descent cannot be used directly to define !-pushforward. 

A more natural solution can be reached once the derived categories are "enhanced". Roughly speaking 
(see Proposition 5.3.4 for the precise statement), if we write X n = X X% • • • Xx A ((ri + l)-fold), then 
23cart(Xii S _6t, A) is naturally equivalent to the limit of following cosimplicial diagram 

V(X Q , 6t , A) -^T 2)(A Mt , A) V(X 2 m,A) 1 • • • 

in a suitable oo-category of closed symmetric monoidal presentable stable oo- categories. This is completely 
parallel to the descent property for module categories. Here Dcart(Xii S _a, A) (resp. D(X n ^,A)) is a closed 
symmetric monoidal presentable stable oo-category which serves as the enhancement of D cart (Xii S _ct, A) 
(resp. D(A„ ct7 A)). Strictly speaking, the previous diagram is incomplete in the sense that we do not 
mark all the higher cells in the diagram, that is, all natural isomorphisms of functors, "isomorphisms 
among natural isomorphisms", etc. In fact, there is an infinite hierarchy of (homotopy) equivalences 
hidden behind the limit of the previous diagram, not just the 2-level hierarchy in the classical case. To 
deal with such kind of "homotopy coherence" is the major difficulty of the work, that is, we need to find 
a way to encode all such hierarchy simultaneously in order to make the idea of descent work. In other 
words, we need to work in the totality of all oo-categories of concern. 

It is possible that such a descent theory (and other relevant higher-categorical techniques introduced 
below) can be realized by using other models for higher categories. We have chosen the theory developed 
by Lurie in [29] , [30] for its elegance and availability. Precisely, we will use the techniques of the (marked) 
straightening/unstraightening construction, Adjoint Functor Theorem, and the oo-categorical Barr-Beck 
Theorem. Based on Lurie's theory, we develop further oo-categorical techniques to treat the homotopy- 
coherence problem mentioned as above. These techniques would enable us to, for example, 



A (2, l)-category is a 2-category in which all 2-cells are invertible. 
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• take partial adjoints along given directions (§1.4); 

• find a coherent way to decompose morphisms ([27, §4]); 

• gluing data from Cartesian diagrams to general ones ([27, §6]); 

• make a coherent choice of descent data (§4.2). 

In the next section, we will have a chance to explain some of them. 

During the preparation of this article, Gaitsgory [13] studied operations for ind-coherent sheaves on 
DG schemes and derived stacks in the framework of oo-categories. Our work bears some similarity 
to his. We would like to point out however that he ignored homotopy-theoretical issues (in the same 
sense of homotopy coherence), for example, in the proof of [13, 6.1.9], which is a key step for the entire 
construction. Meanwhile, a sizable portion (Chapter 1 and [27]) of our work is devoted to developing 
general techniques to handle homotopy coherence. 

We would also like to remark that Lurie's theory has already been used, for example, in [6] to study 
quasi-coherent sheaves on certain (derived) stacks with many applications. This work, which studies 
lisse-etale sheaves, is another manifestation of the power of Lurie's theory. 

0.3. What do we need to enhance? In the previous section, we mentioned the enhancement of a 
single derived category. It is a stable oo-category (which can be thought of as an oo-categorical version 
of a triangulated category) D cart (Xi is _ct , A) (resp. D(X&t, A) for X an algebraic space) whose homotopy 
category (which is an ordinary category) is naturally equivalent to D cart (Xi is _6t, A) (resp. D(Xgt, A)). The 
enhancement of operations is understood in the similar way. For example, the enhancement of *-pullback 
for / : y — > X should be an exact functor 

(0.1) /* : 2) cart (Xi is -ct, A) -> £> C art(¥iis-6t> A) 

such that the induced functor 

h/*: D cart (Xi is _et, A) — > D cart (yiis-6t, A) 

is the *-pullback functor of usual derived categories. 

However, such enhancement is not enough for us to do descent. The reason is that we need to put all 
schemes and then algebraic spaces together. Let us denote by Sch qc sep the category of disjoint unions of 
quasi-compact and separated schemes. The enhancement of *-pullback for schemes in the strong sense is 
a functor: 



(0.2) Schq c.4E0* : N(Sch qc scp ) 0iD -> Tr b L 



si. 



where N denotes the nerve functor (see the definition preceding [29, 1.1.2.2]) and IPr^. is certain oo- 
category of presentable stable oo-categories, which will be specified later. Then (0.1) is just the image 
of the 1-cell /: y — > X if / is in Sch qc scp . The construction of (0.2) (and its right adjoint which is 
the enhancement of *-pushforward) is not hard, with the help of the general construction in [30]. The 
difficulty arises in the enhancement of !-pushforward. Namely, we need to construct a functor: 

(0.3) Schqc ..4EO, : N(Sch qcscp ) F -> Tr s L t , 

where N(Sch qc ' scp ) F is the subcategory of N(Sch qc scp ) only allowing morphisms that are locally of finite 
type. The basic idea is similar to the classical approach: using Nagata compactification theorem. The 
problem is the following: for a morphism /: Y — > X in Sch qc scp , locally of finite type, we need to choose 
(non-canonically!) a relative compactification 

Y i -^Y 



x^—UiX, 

that is, i is an open immersion and / is proper, and define f\ — p\ o f ^ o i\ (in the derived sense). It turns 
out that the resulting functor of usual derived categories, up to natural isomorphism, is independent of 
such choice. First, we need to upgrade such natural isomorphism to the level of oo-categories (which is 
usually called natural equivalence). Second and more importantly, we need to "remember" such natural 
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equivalences for all different compactifications, and even "equivalences among natural equivalences". We 
immediately find ourselves in the same scenario of an infinity hierarchy of homotopy equivalences again. 
For handling this kind of homotopy coherence, we use a technique called multisimplicial descent in [27, §4], 
which can be viewed as an oo-categorical generalization of [2, XVII 3.3]. 

This is not the end of the story since our goal is to prove all expected relations among six operations. 
To use the same idea of descent, we need to "enhance" not just operations, but also relations as well. To 
simplify the discussion, let us temporarily ignore the two binary operations (® and Horn) and consider 
how to enhance the "Base Change theorem" which essentially involves *-pullback and !-pushforward. We 
define a simplicial set 8% |- 2 |N(Sch qc scp )5?^ in the following way: 

• The 0-cells are objects A of §ch qc sop . 

• The 1-cells are Cartesian diagrams 

(0.4) A 01 X 00 

q p 
f 

An *- X±q 

with p locally of finite type, whose source is Aoo and target is X\\. 

• The higher cells arc defined in a similar way. 

Note that this is not an oo-category. Assuming that A is torsion, the enhancement of the Base Change 
theorem (for §ch qc ' sep ) is a functor 

Sch ,c.4E0f : <^ {2} N(Sch")^ -> Vfc 

such that it sends the 1-cell 

A o > A 00 (resp. An A 00 ) 

P id id 
11 *-An An ^^-00 

top,: D(A~ 00 ,et,A) -> 1>(X lh6t ,A) (resp. /*: T>(X lh6t ,X) -> T>(A 00 ,ct, A)). The upshot is that the image 
of the I-cell (0.4) is a functor D(Xn^t, A) — > D(Xoo,6t, A) which is naturally equivalent to both /* op\ 
and q\ o g* . In other words, this functor has already encoded the Base Change theorem (for §ch qc sep ) in 
a homotopy coherent way. This allows us to apply the descent method to construct the enhancement of 
the Base Change theorem for Artin stacks, which itself includes the enhancement of the four operations 
/*) /*) f\ an d /' by restriction and adjunction. To deal with the homotopy coherence involved in the 
construction of Sch qc. S cpEO*, we use another technique called Cartesian gluing in [27, §6], which can be 
viewed as an oo-categorical variant of [39, §§6, 7]. 

We hope the discussion so far explains the meaning of enhancement to some degree. The actual 
enhancement (3.5) constructed in the article is more complicated than the ones mentioned previously, 
since we need to include also the information of binary operations, the projection formula and extension 
of scalars. 

0.4. Structure of the article. The main body of the article is divided into seven chapters. Chapter 
I is a collection of preliminaries on oo-catcgories, including the technique of partial adjoints (§1-4) and 
the introduction of an oo-operad Tf® which will be used to encode the projection formula coherently. 
Chapter 2 is the starting point of the theory, where we construct enhanced operations for ringed topoi. 
The first two chapters do not involve algebraic geometry. 

In Chapter 3, we construct the enhanced operation map for schemes in the category §ch qc ' sop . The 
enhanced operation map encodes even more information than the enhancement of the Base Change 
theorem we mentioned in §0.3. We also prove several properties of the map that are crucial for later 
constructions. 

In Chapter 4, we develop an abstract program which we name DESCENT. The program allows us 
to extend the existing theory to a larger category. It will be run recursively from schemes to algebraic 
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spaces, then to Artin stacks, and eventually to higher Artin or Delignc-Mumford stacks. The detailed 
running process is described in Chapter 5. There, we also prove certain compatibility between our theory 
and existing ones. 

In Chapter 6, we write down the resulting six operations for the most general situations and summarize 
their properties. We also develop a theory of constructible complexes, based on finiteness results of Deligne 
[3, Th. finitude] and Gabber [33]. Finally, we show that our theory is compatible with Laszlo-Olsson's 
work [24]. 

For more detailed descriptions of the individual chapters, we refer to the beginning of these chapters. 

We assume that the reader has some knowledge of Lurie's theory of oo-categories, especially Chapters 
1 through 5 of [29], and Chapters 1, 2 and 6 of [30]. In particular, we assume that the reader is familiar 
with basic concepts of simplicial sets [29, A. 2. 7]. However, an effort has been made to provide precise 
references for notations, concepts, constructions, and results used in this article, (at least) at their first 
appearance. 

0.5. Conventions and notations. 

• All rings are assumed to be commutative with unity. 
For set-theoretical issues: 

• We fix two (Grothcndicck) universes U and V such that U belongs to V. The adjective small 
means U-small. In particular, Grothcndicck abelian categories and presentable cx)-categories are 
relative to It. A topos means a U-topos. 

• All rings are assumed to be U-small. We denote by D?ing the category of rings in U. By the usual 
abuse of language, we call IRing the category of U-small rings. 

• All schemes are assumed to be U-small. We denote by Sch the category of schemes belonging 
to U and by Sch aff the full subcategory consisting of affine schemes belonging to U. We have an 
equivalence of categories Spec: (JRmg) op — > Sch a . The big fppf site on Sch aff is not a U-site, so 
that we need to consider prestacks with values in V. More precisely, for W = U or V, let §w 
[29, 1.2.16.1] is the cx)-category of spaces in W. We define the oo-category of prestacks to be 
Fun(N(Sch a ) op ,§v) [29, 1.2.7.2]. However, a (higher) Artin stack is assumed to be contained in 
the essential image of the full subcategory Fun(N(Sch a ) op ,§u). See §5.4 for more details. 

The (small) etale site of an algebraic scheme and the lisse-etale site of an Artin stack are 
equivalent to U-small sites. In particular, they are U-sitcs. 

• For every V-small set /, we denote by §et£ the category of /-simplicial sets in V. See also variants 
in §1.3. We denote by Cat^ the (non V-small) co-category of oo-categories in V [29, 3.0.0. 1] 3 . 
(Multi)simplicial sets and oo-categories are usually tacitly assumed to be V-small. 

For lower categories: 

• Unless otherwise specified, a category will be understood as an ordinary category. A (2, 1)- 
category C is a (strict) 2-category in which all 2-cells are invertible, or, equivalently, a cate- 
gory enriched in the category of groupoids. We regard C as a simplicial category by taking 
N(Map e (A,F)) for all objects X and Y of 6. 

• Let C, D be two categories. We denote by Fun(C, D) the category of functors from C to D, whose 
objects are functors and morphisms are natural transformations. 

• Let A be an additive category. We denote by Ch(.A) the category of cochain complexes of A. 

• Recall that a partially ordered set P is an (ordinary) category such that there is at most one arrow 
(usual denoted as <) between each pair of objects. For every element p £ P, we identify the 
overcategory P/ p (resp. undercategory P p /) with the full partially ordered subset of P consisting 
of elements < p (resp. > p). In particular, for p,p' G P, P p // P > is identified with the full partially 
ordered subset of P consisting of elements both > p and < p' , which is empty unless p < p' . 

• Let [n] be the ordered set {0, ...,n} for n > and [—1] = 0. Let us recall the category of 
combinatorial simplices A (resp. A-", A + , A^ n ). Its objects are the linearly ordered sets [i] 
for i > (resp. < i < n, i > —1, —1 < i < n) and its morphisms are given by (nonstrictly) 

3 In [29], Catoo denotes the category of small oo-categories. Thus our Catoo corresponds more closely to the notation 
Catoo in [29, 3.0.0.5], where the extension of universes is tacit. 
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order-preserving maps. In particular, for every n > and < k < n, we have the face map 
tft' [ n ~ 1] ~~ * M that is the unique injective map with k not in the image; and the degeneration 
map s£ : [n + 1] — > [n] that is the unique surjective map such that s^(k + 1) = s2(k). 

For higher categories: 

• As we have mentioned, the word oo-category refers to the one defined in [29, 1.1.2.4]. Throughout 
the article, an effort has been made to keep our notations consistent with those in [29] and [30]. 

• For C a category, a (2, l)-category, a simplicial category, or an oo-category, we denote by ide 
the identity functor of 6. We denote by N(C) the (simplicial) nerve of a (simplicial) category 6 
[29, 1.1.5.5]. We identify Ar(C) (the set of arrows of C) with N(C)i (the set of 1-cells of C) if 
C is a category. Usually, we will not distinguish between N(C op ) and N(C) op for C a category, a 
(2, l)-category or a simplicial category. 

• We denote the homotopy category [29, 1.1.3.2, 1.2.3.1] of an oo-category C by hC and we view it 
as an ordinary category. In other words, we ignore the !K-enrichment of hC. 

• Let C be an oo-category and c" : N(A) — > C (resp. c. : N(A op ) —5- C) be a cosimplicial (resp. 
simplicial) object of 6. Then the limit [29, 1.2.13.4] Hm(c # ) (resp. colimit or geometric realization 
hm(c,)), if it exists, is denoted by ^Lm A c" (resp. lhn ngAop c-n)- It is viewed as an object (up 
to equivalences parameterized by a contractible Kan complex) of 6. 

• Let 6 be an (oo-)category, & C C be a full subcategory. We say a morphism /: y — > x in 6 is 
representable in C if for every Cartesian diagram [29, 4.4.2] 

w >■ z 

" f " 

y *-x 

such that z is an object of C, w is equivalent to an object of C. 

• We refer the reader to the beginning of [29, 2.3.3] for the terminology homotopic relative to A 
over S. We say / and /' are homotopic over S (resp. homotopic relative to A) if A — (resp. 
S=*). 

• Recall that Catoo is the oo-category of V-small oo-categories. In [29, 5.5.3.1], the subcategories 
<j> t l y T R <- Qqx^ are defined 4 . We define subcategories IPr^, Tr^ C Catoo as follows: 

— The objects of both ?r^ t and Tr^ are the U-presentable stable oo-categories in V [29, 5.5.0.1], 
[30, 1.1.1.9]. 

— A functor F: C — > D of presentable stable oo-categories is a morphism of CPr^J. if and only 
if F preserves small colimits, or, equivalently, F is a left adjoint functor [29, 5.2.2.1, 5.5.2.9 
(I)]- 

— A functor G: C — > T> of presentable stable oo-categories is a morphism of Tr^; if and only 
if G is accessible and preserves small limits, or, equivalently, G is a right adjoint functor 
[29, 5.5.2.9 (2)]. 

We adopt the notations of [29, 5.2.6.1]: for oo-categories 6 and D, we denote by Fun L (C, D) (resp. 
Fun R (e,D)) the full subcategory of Fun(e,D) [29, 1.2.7.2] spanned by left (resp. right) adjoint 
functors. Small limits exist in Catoo, yr L , yr R , 7i^ t and Tr^. Such limits are preserved by the 
natural inclusions Pr^ C 7r L C Catoo and ^r^ C y r R C Catoo by [29, 5.5.3.13, 5.5.3.18] and 
[30, 1.1.4.4]. 

• For the simplicial model category Set^ of marked simplicial sets in V [29, 3.1.0.2] with respect to 
the Cartesian model structure [29, 3.1.3.7, 3.1.4.4] , we fix a fibrant replacement simplicial functor 
Fibr: §et+ -» (Set+)° via the Small Object Argument [29, A.l.2.5, A.l.2.6]. By construction, 
it commutes with finite products. If C is a V-small simplicial category [29, 1.1.4.1], we let 
Fibr e : (§et^) e — > ((Set^)°) e C (§et^) e be the induced fibrant replacement simplicial functor 
with respect to the projective model structure [29, A. 3. 3.1]. 



Under our convention, the objects of Tv L and CPr R axe the U-presentable oo-categories in V. 
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1. Preliminaries on oo-categories 

This chapter is a collection of preliminaries on oo-categories. In §1.1, we record some basic lemmas. 
In §1.2, we recall a key lemma and its variant established in [27], which will be subsequently used in this 
article. In §1.3, we recall the definitions of multisimplicial sets and multi-marked simplicial sets from 
[27]. In §1.4, we develop a method of taking partial adjoints, namely, taking adjoint functors along given 
directions. This will be used to construct the initial enhanced operation map for schemes. In §1.5, we 
collect some general facts about symmetric monoidal oo-categories, including a closure property of closed 
symmetric monoidal presentable oo-categories. We also introduce an oo-operad J"f ® to coherently encode 
the projection formula in the construction of enhanced operation maps in latter chapters. 

1.1. Elementary lemmas. Let us start with the following lemma, which shows up as [31, 2.4.6]. We 
include a proof for the convenience of the reader. 

Lemma 1.1.1. Let 6 be a nonempty oo-category which admits product of two objects. Then the geometric 
realization |C| is contractible. 

Proof. Fix an object X of C and a functor 6 — > 6 sending Y to X x Y. The projections X x Y — > X and 
X x Y — > Y define functors h, h' : A 1 x G -)■ G such that 

• h | A<°> xe = h'\ A<°> x C; 

• h | A^ x 6 is the constant functor of value X; 

• ti | A« x 6 = id e . 

Then \h\ and \h'\ provide a homotopy between idigi and the constant map of value X. □ 

The following is a variant of the Adjoint Functor Theorem [29, 5.5.2.9]. 

Lemma 1.1.2. Let F: 6 — > D be a functor between presentable oo-categories. Let hF: hC — > hD be the 

functor of (unenriched) homotopy categories. 

(1) The functor F has a right adjoint if and only if it preserves pushouts and hF has a right adjoint. 

(2) The functor F has a left adjoint if and only if it is accessible and preserves pullbacks and hF has 
a left adjoint. 

Proof. The necessity follows from [29, 5.2.2.9]. The sufficiency in (1) follows from the fact that small 
colimits can be constructed out of pushouts and small coproducts [29, 4.4.2.7] and preservation of small 
coproducts can be tested on hF. The sufficiency in (2) follows from dual statements. □ 

We will apply the above lemma in the following form. 

Lemma 1.1.3. Let F : C —> D be a functor between presentable stable oo-categories. Let hF: hC — > hD 

be the functor of (unenriched) homotopy categories. Then 

(1) The functor F admits a right adjoint if and only if hF is a triangulated functor and admits a 
right adjoint. 

(2) The functor F admits a left adjoint if F admits a right adjoint and hF admits a left adjoint. 

Proof. By [30, 1.2.4.12], a functor G between stable oo-categories is exact if and only if hG is triangulated. 
The lemma then follows from Lemma 1.1.2 and [30, 1.1.4.1]. □ 
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1.2. The Key Lemma. In this section we recall the key lemma from [27, §2]. It is crucial for many 
constructions in both articles. 

Let if be a simplicial set. Recall that the category of simplices of if [29, 6.1.2.5], denoted by A/x> 
is the strict fiber product A x§ cti (Set^)/K- An object of A/x is a pair (J, a), where J £ A and 
a £ Homs c t A (A J , if). A morphism (J, a) — s> (J 7 , a') is a map d: A J — > A J such that a = a' o d. Let M 
be a marked simplicial set. We define an object Map [if, M] of the diagram category (SetA)^ A/ff P by 

M&p[K,M](J,a) = Map tt ((A J ) b , M), 

for every (J, a) € A /Ar . If M = C 11 for some oo-category 6, we let Map [if, 6] = Map [if, M], Then 
Map[if, 6] (J, er) is the largest Kan complex [29, 1.2.5.3] contained in Fun(A J , C). A morphism d in A/ K 
goes to the natural restriction map Res d of Kan mapping complexes. The right adjoint of the diagonal 
functor SetA —> (SetA)^ A/K - ) P is the global section functor 

r: (Set A ) (A /- )OP -> Set A , r(N), = Hom (Sot4)(4/lf ,. P (A^, N), 
where A^ : (A/x) op — ► SetA is the constant functor of value A 9 . We have 

r (Map [if, 6]) = Map" (if b , e"). 
If <? : if ' — ► if is a map, composition with the functor A — >• A induced by 5 defines a functor 
5*: (Set A ) (A / A ' )op (Set A ) (A /*' )OP . We have #*Map[if,M] = Map[if',M]. 

Let $: M -> N be a morphism of (Set A ) (A ^ )op . We denote by r$(W) C T(N) the simplicial subset 
which is the union of the image of T($') : T(M') — > T(3\f) for all decompositions 

M S M' N 

of $ such that M(cr) --)■ M'(cr) is anodyne [29, 2.0.0.3] for all a £ A /K . The map T($) : T(M) r(N) 
factors through r$(D\T). For every map g: if' — > if, the canonical map r(N) — > T(g*1H) sends r$(3\T) to 
r 9 . 4 (p*K). For every morphism ip: K 3Sf' in (Set A ) (A / ff) ° P , the map r(V>) : r(K) -> r(N') induces a 
map 

For every element a £ r(K') (resp. a £ r^p^o), we denote by rf(K) (resp. r| a (^)) the fiber of 
r( , 0) (resp. r$(?/>)) at a. We omit ijj from the notation when no confusion arises. 
We can now state the key lemma. 

Lemma 1.2.1 ([27, 2.2]). Let f : Z — >• T be a fibration in Set^ with respect to the Cartesian model 
structure, if be a simplicial set, a : if b —> T be a map, N £ (Set A ) (A/fc)OP be such that K{a) is weakly 
contractible for all a £ A/^-. Consider morphisms $: 3\f — >■ Map[if , Z] m (SetA)^ A/K ' " such that 
Map [if , /] o $ /actors through a: A° K -> Map [if , T] . 

(1) For every such <I>, T$ ia (Map[if, Z]) is a weakly contractible Kan complex. 

(2) Lei 3ST — >• Map [if, Z] oe two swc/i morphisms. Assume that $ and $' are homotopic with 
respect to a. Then r$ ja (Map[if, Z\) and r$/ j0 (Map[if, Z\) lie in the same connected component 
o/r o (Map[if,Z]). 

Here, by saying <I> and <&' are homotopic with respect to a, we mean that there exists a morphism 
if: A^ x N -> Map[if,Z] in (Set A ) (A /^ )op such that if | A™ X N = if | A^ 1} x N = $' and 
Map [if , /] o H is the identity on a. 

Lemma 1.2.1 has the following consequence. 

Lemma 1.2.2 ([27, 2.4]). Let if be a simplicial set, C be an oo-category, i: As B be a monomorphism 
of simplicial sets, f: Fun(£?, 6) — > Fun(A, C) be the morphism induced by i. Let Jf be an object of 
(SetA)^ A/if '° P such that N(o-) is weakly contractible for all a, and $: N — > Map [if, Fun (5, C)] be a 
morphism such that Map [if, /] o $ factors through a: A° K — >■ Map[if, Fun(A, (3)]. Then there exists 
b: A° K — >• Map[ff , Fun(£>, 6)] lifting a, such that for every map g: if' — > if and every section v of g*Ji, 
bog and g*$ o v: if' — > Fun(£?, 6) are homotopic over Fun(^4, 6). Here, in b o g, we regard b as a map 
if ->Fun(B,e). 
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1.3. Multisimplicial sets. We recall the definitions ol multisimplicial sets and multi-marked simplicial 
sets from [27, §3]. Let /, J be V-small sets. 

Definition 1.3.1 (Multisimplicial set). An I -simplicial set is a presheaf on the category A 1 := Fun(/, A). 
We denote by Set A the category of /-simplicial sets. 

We denote by A ni l l6/ the /-simplicial set which, as a presheaf on A 1 , is represented by {[ni])i^i. For 
an /-simplicial set S, we denote by S ni \i e i the value of S at (rii)i e j 6 A 1 . A (ni)i & j-cell of an /-simplicial 
set S is an element of S n ^ ie j. By Yoncda's lemma, there is a canonical bijection of the set S n .\ ie i and 
the set of maps from A ni ^ ieI to S. 

Let fc > be an integer. A fc- simplicial set is a {1, . . . , fc}-simplicial set, namely a presheaf S on the 
category A fc := A^ 1, " ,& ^ = A x • • • x A (fc copies). 

Let ,/ C /. Composition with the partial opposite functor A 1 — )■ A 1 sending (. . . , Sj' , . . . , Sj ■, . . . ) 
to (. . . , Sf, . . . , S° p , . . . ) (taking op for Sj when j G J) defines a functor opj : Set A -> Set A . We define 

Aj*' ie/ = opjA ,li l !G/ . Although A" l|lG/ is isomorphic to A ni l ie/ , it will be useful in specifying the 
variance of many constructions. When / = {1, . . . , fc}, we use the notations opj and Aj 1 '"'' nfc . 

Let /: J — > I be a map of sets. Composition with / defines a functor A? : A 1 — > A J . Composition 
with A^ induces a functor (A? )* : Set A — > Set A . It has a right adjoint (A f )* : Set A -)• Set A . If / : J — > I 
is a map with J = {1, . . . , fc'} (resp. and / = {1, . . . , fc}), we will write e /(i). ../(&') (resp. e /(i). ../(&/)) f° r 
(A-' 7 )*. In particular, (e^K) n = /To -n -Oj where n is at the j-th position and all other indices are 0. 

Let /:/—>• {1}. Then Sj := A? : A —> A 1 is the diagonal map. Composition with Sj induces a 
functor 6} — (A^)* satisfying 

6}A n / l£l = ( H A n A x [ J](A^H =:A^ ni]ieI . 
\iei-J J \j£J J 

When J = 0, we simply write A^eJ f or A^ lUeI = A™'. A right adjoint Set A Set A of <5f 
can be described as follows. A (rti); e j-cell of 8[X is given by a map A^ ni ^ ieI — > X. For J C /, the twisted 
diagonal functor j = 5} o op^: Set A — ► Set A admits the right adjoint <5i' J = opj o 5$ : Sct A — > Set A . 
For a simplicial set X, a (n^gj-cell of Si' J X consists of a map A^ * eI — > A. When J = 0, opj is the 
identity functor so that Sj ^ = <5|, Si' = S^. When / = {1, . . . , fc}, we write fc instead of / in the previous 
notations. In particular, 

81=5}: Sct A ->■ Sct A , (S* k X) n = X n ... n , 

satisfying ^A" 1 ''"'™* = Ay 1, '"' n ^. Moreover, according to our notations, 5^ = e}... 1; where the index 1 
is repeated fc times. 
We define a bifunctor 

El : Sct A x Sct A -)■ Set A ^ J 

by the formula S M S' = (A LI )*S x (A tJ )*S", where n : I ^ I]J J, t, 7 : J ^ /]J J are the inclusions. 
In particular, when / = {1, . . . , fc}, J = {1, . . . , fc'}, we have 

B : Set A x Set A ' -> Set A +fe ' 

by the formula S M S' = (A^S x (A l ')*5', where i: {1, . . . , fc} ^ {1, . . . , fc + fc'} is the identity and 
J: {l,...,fc'} e — > {1,..., fc+fc'} sends j to j + fc. In other words, (S'KlS")„ 1 ...„ fe+fc , = S ni ...„ fe X^ +1 ... n)t+l) ■ 
We have A™ 1 IE ••■ IE A" k = A™ 1 

Definition 1.3.2 (Multi-marked simplicial set). An I-marked simplicial set (resp. I-marked oo-category) 
is the data [X, £ = where A is a simplicial set (resp. an co-category) and, for all i £ I, £j is 

a set of edges of X which contains every degenerate edge. A morphism /: (A, {E.i} ie j) — > (A', {£i}ie/) 
of /-marked simplicial sets is a map / : A — > A' having the property that /(£j) C £J for all i € I. We 
denote the category of /-marked simplicial sets by Set A + . It is the strict fiber product of / copies of Set A 
above Set A . 
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Consider the functor S 



1 + 



Sct^ 



sending S to (SjS, {£i}iez); where £,; is the set of edges 
of ejS C 5}S. This functor admits a right adjoint <5f + : Sct^ + — > Sct£ sending (X,{£,i} ie j) to the J- 
simplicial subset of S^X whose (ni)ie/-cells are maps A^ i€I — > X such that for every i € I and every 
map A 1 — > e{A ni > i&I , the composition 



is in An k-marked simplicial set is a {1, ... , £;}-marked simplicial set. We will write k instead of I in 
the notations §et^ + 5 , Sj + and 8l + . 

Notation 1.3.3. 

(1) For an /-marked simplicial set (X, £ = {£j}iei), we simply let 



X P 



X 



{Si}ieI =6 I +(X,{Z i } ieI ). 



In particular, for any marked simplicial set {X, £), Xe C X is the simplicial subset spanned by 
the edges in £. 

(2) For an /-marked co-category (C, £), we denote by Cg art the Cartesian I -simplicial nerve of (C, £) 
([27, 3.8 (4)]). Briefly speaking, its (nj)ie/-cells are functors Al n *l <SI — > C such that the image 
of a morphism in the i-th direction is in £^ for i £ I, and the image of every "unit square" is a 
Cartesian square. When £; = Ci for every i G /, we simply write C™ 1 "' for Cg art . 

1.4. Partial adjoints. 

Definition 1.4.1. Consider diagrams of co-categories 





which commute up to specified equivalences a : F' o 1/ — >■ {/ o F and /3 : 1/ o G — > G" o {/. We say that cr is 
a Ze/i adjoint to r and r is a rig/ii adjoint to cr, if _F is a left adjoint of G, F' is a left adjoint of G' , and 
a is equivalent to the composed transformation 

F'oV^F'oVoGoF^F'oG'oUoF^UoF. 

The diagram r has a left adjoint if and only if r is left adjointable in the sense of [29, 7.3.1.2] and 
[30, 6.2.3.13]. If G and G' are equivalences, then r is left adjointable. We have analogous notions 
for ordinary categories. A square r of co-categories is left adjointable if and only if G and G' admit 
left adjoints and the square hr of homotopy categories is left adjointable. When visualizing a square 
A 1 x A 1 — > 6, we adopt the convention that the first factor of A 1 x A 1 is vertical and the second factor 
is horizontal. 

Lemma 1.4.2. Consider a diagram of right Quillen functors 




of model categories, which commutes up to a natural equivalence (5: V o G — > G' oU and is endowed with 
Quillen equivalences (F,G) and (F',G'). Assume that U preserves weak equivalences and all objects of 
D' are cofibrant. Let a be the composed transformation 

F' oV ^ F' oV oGoF ^ F' oG' oU o F ^ U o F. 

Then for every fibrant- cofibrant object Y ofD, the morphism a(Y): (F' oV)(Y) — > (U o F)(Y) is a weak 
equivalence. 



^In particular, Set^ 1 " in our notation is SetJ + in [30, 6.2.3.2]. 
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Proof. The square R/3 



he 



RU 



he' 



RG 



RG' 



-hD 
hD' 



of homotopy categories is left adjointable. Let a: LF' o FV^ — » FZ7 o LF be its left adjoint. For fibrant - 
cofibrant Y, a(Y) computes cr(Y). □ 

We apply Lemma 1.4.2 to the straightening functor [29, 3.2.1]. Let p: S' — > S be a morphism of 
simplicial sets and tt : G' — > G be a functor of simplicial categories fitting into a diagram 



<Z[S'} 



QfO'p 



C[p] 



£[5]- 

which is commutative up to a simplicial natural equivalence. By [29, 3.2.1.4], we have a diagram 

Un+ 



(Set+) e 



(Set 



Un 1 



A) 



(§et+)/c 



(§etj) /s -, 



which satisfies the assumptions of Lemma 1.4. 2 if <f> and 4>' are equivalences of simplicial categories. In 
this case, for every fibrant object /: X — » S of (Set^)/g, endowed with the Cartesian model structure, 
the morphism 

(St+op*)X^(n*oSt+)X 

is a pointwise Cartesian equivalence. Similarly, if g: G — > D is a functor of (V-small) categories, [29, 
3.2.5.14] provides a diagram 



( Set +)B (Set+) /N(D) 

N(s)* 

(Sct+) e ^U(Set+) /N(e) 



satisfying the assumptions of Lemma 1.4.2. Thus for every fibrant object Y of (Set^)/N(D), endowed 
with the coCartesian model structure, the morphism 



^N(g)*y(^) 



is a pointwise coCartesian equivalence. 



Proposition 1.4.3. Consider quadruples (I, J, F, /) where I is a set, J C. I, R is an I-simplicial set 
and f: SjR — > Cat^ is a functor, satisfying the following conditions: 

(1) For every j E J and every edge e of €jR, the functor /(e) has a left adjoint. 

(2) For all i E J c — I\J, j G J, r G (ef -i?)n, f/ie square /(r) : A 1 x A 1 — ► Cat^ is Ze/i5 adjointable. 
There exists a way to associate, to every such quadruple, a functor fj: Sj } R —> Cat^, satisfying the 
following conclusions: 

(1) fj | <5}e(A')*i? = / | 5%(A l )*R, where i: J c -> J is Z/ie inclusion. 

(2) For euen/ j € J and every edge e of e^R, the functor fj(e) is a left adjoint of /(e). 

(3) For aZZ i E J c , j E J, t E (ej^R^n, /j(r) is a Ze/t adjoint of f(r). 

(4) For iwo quadruples (I,J,R,f), (I' , J' , R' , /') and maps /i: 7' -> I, u: (A^)*R' -> F sucft i/iai 
J' = /i _1 (J) and /' = / o <5Ju, f/ie functor fj, is equivalent to fj o <5J jit. 
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When visualizing (1, l)-cells of ej jR, we adopt the convention that direction i is vertical and direction 
j is horizontal. If J c is nonempty, then assumption (2) implies assumption (1), and conclusion (3) implies 
conclusion (2). 

Proof. Recall that we have fixed a fibrant replacement functor Fibr: Set^ — > Set^. Let a € (Sj jR) n be 
an object of A/^. jRl corresponding to A" l '* e/ — > R, where rii = n. It induces a functor /(er): N(Z?) ~ 
A [nihei g atoo; wne re D is the partially ordered set S x T op , S = [n] r , T = [n] J . This corresponds 
to a projectively fibrant simplicial functor 3 r : £[N(£>)] — > Sett. Let <pr) '■ £[N(D)] — > D be the canonical 
equivalence of simplicial categories and let 5F' = (Fibr D o St^ op o UnJ^^JJ: D — > SetJ. We have weak 
equivalences 

-> o D! o S*+ (ZJ)0 , o Un+ (I?)op )J ~ o St+o* o Un+ (D)op )J -> #,(9*). 
Thus, for every r G (ef J N(£)))i ! i, ^'(r) is equivalent to /(r). Let J" be the composition 

S^(Set+f° P ^(Set+) /N(T) , 

where the first functor is induced by 5"'. For every sgS, ^"(s) ■ X — > N(T) is fibrant for the Cartesian 
model structure. In other words, there exists a Cartesian fibration p: Y — >• N(T) and an isomorphism 
X ~ Y^. By assumption (1), for every morphism t — >• t' of T, the induced functor Y" t / — > Y t has a left 
adjoint. By [29, 5.2.2.5], p is also a coCartesian fibration. We consider the object (p, £) of (Set^)/N(T), 
where £ is the set of p-coCartesian edges. By assumption (2), this construction is functorial in s, giving 
rise to a functor S': S — > (Set^)/N(T)- The composition 

5 ^> (Sct+) /N(T) ^\ (Set+f ^ (Sct+f 
induces a projectively fibrant diagram 

3: SxT^Set^. 
We denote by 5a ■ [n] — > Set^ the composition 

[n] -^SxT^Set+, 

where the first functor is the diagonal functor. The construction of S CT is not functorial in a because the 
straightening functors do not commute with pullbacks, even up to natural equivalences. Nevertheless, for 
every morphism d: a — > a in A/a« we have a canonical morphism So- d*Q a in (Set^)["l, which is a 
weak equivalence by Lemma 1.4.2. The functor 

(A /sljR ) a/ -> (Set+)N 

sending d: a — >• a to d*Sa induces a map 

N(<r) := N((A /4J _ jiJ ) <T/ ) -> Map»((A")\ (Cat^), 

which we denote by ^(cr). Since the category (A/a* fl)o-/ has an initial object, UST(cr) is weakly con- 
tractible. This construction is functorial in a so that $: IN" — >■ Map[<S| 7 i?, Catoo] is a morphism of 

(Set a) /6 *'- jR ■ Applying Lemma 1.2.1 (1), we obtain a functor fj; 5} jR — > Catoo satisfying (2), (3) 
up to homotopy. 

Under the assumptions of (4), 5} jU 4 . 5}, j,R' — > 8} jR induces ip:J{'—^ (Sj ju)*N, By construction, 
there exists a homotopy between $' and ((<5| ju)*Q) o ip. By Lemma 1.2.1 (2), this implies that f'j, and 
fj o 5 j jU are homotopic. 

f\Q 

By construction, there exists a homotopy between r*$ and the composed map r*N — > Aq > 

Map[Q, Catoo], where Q = (5} c (A l )*i? and r: Q — » Sj jR is the inclusion. By Lemma 1.2.1 (2), this 
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implies that fj \ Q and / | Q are homotopic. Since the inclusion 

x (A 1 )* Y[ ( s *i,j r )* x ( aW )" -> ( s l.J R ) k x ( Al ) S 

Q"x(A{0})« 

is marked anodyne, there exists fj : 5} jR — > Catoo homotopic to fj such that fj\Q = f\Q. □ 
Remark 1.4.4. 

(1) There is an obvious dual version of Proposition 1.4.3 for right adjoints. 

(2) Proposition 1.4.3 holds without the assumption that R is V-small. To see this, it suffices to 

apply the proposition to the composite map 5JR -4- Catoo ~> Cat^, where WD Visa universe 
containing R and Cat^J is the oo-category of oo-categories in W. 

(3) Applying Proposition 1.4.3 (and Remark 1.4.4 (2)) to the quadruple (2, {1}, #2*Catoo, /), where 
/: c^^Catoo — > Catoo is the counit map, we get a universal morphism ^ {i}^2*Catoo — > Catoo. 
In fact, for any quadruple (I' , J' , R' , /'), if we denote by [i: V — > {1,2} the map given by 

= J', then /' : S^i^YR' — > Catoo uniquely determines a map u: (A Al )*i? / — > <S 2 *Catoo 
by adjunction and fj, can be taken to be the composite map 

5} jR' ~ 8* 2 {1} {A^yR' ^ {1} <5 2 ,Catoo A Catoo- 

(4) For the quadruple (1, {1}, CPr R , /) where /: CPr R — > Catoo is the natural inclusion, the map fj 
constructed in Proposition 1.4.3 induces an equivalence /j> r : (CPr R ) op -4 CPr L . This gives an- 
other proof of the second assertion of [29, 5.5.3.4]. By restriction, this equivalence induces an 
equivalence fo Ui : Tr^ -> (lPr R ) op . 

(5) For the quadruple (2, {1}, S op B Fun LAd (S ,op , Catoo), /) where 

f: S op x Fun LAd (S* op , Catoo) -> Catoo 

is the natural map, then the map fj:Sx Fun LAd (5' op , Catoo) — > Catoo constructed in Proposition 
1.4.3 induces an equivalence Fun LAd (S op , Catoo) -> Fun RAd (S, Catoo)- This gives another proof 
of [30, 6.2.3.18 (3)]. 

1.5. Symmetric monoidal oo-categories. Let ^in* be the category of pointed finite sets defined in 
[30, 2.0.0.2]. It is (equivalent to) the category whose objects are sets (n) = (n)° U {*}, where (n)° = 
{1, . . . , n} ((0) = 0) for n > 0, and morphisms are maps of sets that map * to *. 

Let = (M',T, {p a - Ag — > N(3 r in*)} ae ,4) be the categorical pattern on the simplicial set N(3 r in >t ) 
defined in [30, 2.1.4.13]. Let <p = (M f , T, 0) be the canonical categorical pattern [30, B.0.20]. We endow 
(§etj)/sp and (Set^)/<p with the left proper combinatorial simplicial model structures constructed in 
[30, B.0.19]. The latter coincides with the coCartesian model structure on (§et^)/N(^i ni ). Let Cat® = 
N(((Set^)/<p)°) be the oo-category of symmetric monoidal oo-categories [30, 2.1.4.13]. Since ^-filtered 
objects [30, B.0.18] are automatically CPo-hltered, Cat® Q N(((Set^) /<p )°) is a full subcategory (spanned 
by symmetric monoidal oo-categories). Moreover, the functor 

N(N+(£Fin*)) : N(((Sct+f in *)°) -> N(((Sct+) /N(?int) )°) 

is a categorical equivalence by [29, 3.2.5.18, A. 3. 1.12], and the functor 

N(((Set+) 3rin *)°) -> Fun(N(Jin»),N((Sct+) )) ~ Fun(N(3 r in»), Catoo) 

is a categorical equivalence by [29, 4.2.4.4]. Together, they provide a categorical equivalence 
(f>: N(((Sct+) /(po )°) -> Pun(N(5in.), Catoo)- 

Notation 1.5.1. For an oo-category C, we denote by Monc omm (G) C Fun(N(3 r in»), C) the full subcategory 
spanned by the commutative monoid objects of C [30, 2.4.2.2]. A functor X : N(3 r in») — > C is an object of 
Moncomm(C) if and only if for each n > 0, the functors {X(p l ) : X((n)) — > X((l))}i<i< n exhibits X((n)) 
as an n-fold product of X ((!)), where p l is defined in [30, 2.0.0.2]. 
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The functor <j> restricts to a categorical equivalence Cat® — >• Moncomm (Catoo)- In what follows, we will 
generally not distinguish between Cat® and Moncomm(Catoo). There is a forgetful functor G: Cat® — > 
Catoo assigning to each symmetric monoidal oo-category C® its underlying co-category C = C®((1)). The 
unique active map (2) — > (1) [30, 2.1.2.1] induces a functor 

e x e ~ e®((2)) -> e®((i» = e. 

The co-category Cat® admits limits and colimits and such limits and colimits are preserved by G. For 
two symmetric monoidal oo-categories C® and B®, the co-category of symmetric monoidal functors is 
denoted by Fun®(C®,2)®) [30, 2.1.3.7]. 

Example 1.5.2. Let Monc om m be the category of commutative monoids. There is an isomorphism 
N(Moncomm) — > Moncomm(N(Set)) sending M to the functor (n) t-> M n . The fully faithful inclusion 
N(Set) C Catoo induces a fully faithful functor N(Monc omm ) — > Monc om m(Cat 00 ). For a commutative 
monoid M, we denote its image in Cat® by M®. 

Recall that a symmetric monoidal co-category C® is closed [30, 4.1.1.17] if the functor —<S>— ■ CxC — > C, 
written as C -> Fun(C, C), factors through Fun L (C, C). 

Notation 1.5.3. We define a subcategory 3>r L ® (resp. Pr^®) of Cat®, as follows: 

• An object is a symmetric monoidal co-categories C® such that C = G(C®) is presentable (resp. 
and stable). 

• A morphism is a symmetric monoidal functor F® : C® — > D® such that the underlying functor 
F = G(F®) is a left adjoint functor. 

Moreover, we define CPr^f C CPr L ® (resp. CPr^.® d C ?r^ t ®) to be the full subcategory spanned by closed 

symmetric monoidal co-categories. The functor G restricts to a functor CPrJf cl -> Tt^ sending C® to its 
underlying co-category C. 

Lemma 1.5.4. The oo-category CPr^® admits small limits and such limits are preserved by the composite 
functor CPr^f C Cat® Catoo • The same holds for Pr%® cl . 

Proof. By the fact that both G : Cat®, — > Catoo and CPr L C Catoo preserve small limits, we only need to 
show that for a small simplicial set S and a diagram p® : S — > CPr L ® such that p®(s) = C® is closed for 
every vertex s of S, the limit Hm(p®) is closed. 

Let p: S -4 Tr L ® -4 Tr L (resp. p' : S ^ CPr L ® -4 Fun(A 1 , Catoo)) be the diagram induced by restriction 
to the object (1) (resp. unique active map (2) — > (1)) of N(9 r in*). For every object c of C = l^m(p), it 
induces a diagram^: S — > Fun(A 1 , CPr^.) such that p' c (s) is the functor f*c ® — : C s -4 C s that admits 
right adjoints, where /* : C — > C s is the obvious functor. Since CPr L C Catoo is stable under small limits. 
The limit \im(p' c ) is an object of Fun L (C, C), which confirms the lemma. □ 

Remark 1.5.5. A diagram p: -4 Cat® is a limit diagram if and only if G op: 5 4 — > Cat^ — > Catoo is 
a limit diagram, by the dual version of [29, 5.1.2.3]. 

Our next goal is to introduce an co-operad [30, 2.1.1.10] CPf®, which will be used in the enhanced 
operation map to encode the projection formula. 

Definition 1.5.6. We define a colored operad [30, 2.1.1.1] Pf whose set of objects is {a, m} as follows: 

f {*} if #^ | X t = m} = 0, Y = o, 
Mulp f ({Xi}, Y) = I {*} if #{i | Xi = m} = 1, Y = m, 
I otherwise. 

We let Pf® denote the category obtained by applying [30, 2.1.1.7] to Pf , and CPf® denote the co-operad 
N(Pf®) [30, 2.1.1.21]. 
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Remark 1.5.7. Consider the oo-category 9Ccomm — Fun^A 1 , N(3in*)) [30, 3.3.2.1]. We have 
Xcomm Xpun({0},N(?in»)) Fun({0}, {(1)}) ~ N(3in*) (1)/ . The functor (3in,)(i>/ -> Pf® sending 
a: (1) -> (n) to ((n), (Xj)i<;< ro ), where 

J m if i G Im a, 
la otherwise, 

identifies (£Fiti*)/iw with a full subcategory of Pf®. The induced functor N(3in*)(i)/ — > CPf® is an 
approximation to Of® [30, 2.3.3.6]. Let 0® be an oo-operad. We let Mod(O) denote the underlying 
oo-category of Mod(O)® = Mod Comm (0)® [30, 3.3.3.8, 4.4.1.1]. Unwinding the definitions and applying 
[30, 2.3.3.23 (1)], we obtain an equivalence of oo-categories Algy f (0) — >■ Mod(O), where Algj; f (0) is the 
category of oo-operad maps from 0>f® to 0® [30, 2.1.2.7]. 

Notation 1.5.8. We introduce a series of notations. 

(1) Let C be a category. We extend C to a colored operad, still denoted by C, by the formula 
Mule({A^}i<i< m , Y) = nl™ i Home(A, Y). We let C u denote the category obtained by applying 
[30, 2.1.1.7] to this colored operad. An object of C u is a pair ((m), (X,-)i<j< TO ), where (to) is 
an object of 3m*, X, is an object of C. A morphism ((m), (-Xj)i<i< TO ) — ► (( n ), (X'j)i<j< n ) 01 
C u is a pair (a, (fi)i£ a - 1 ({n)°))) where a: (m) — > (n) is a morphism of 3in„, fi - . Xi — > A^^ 
is a morphism of C. By definition, N(C U ) is isomorphic to the simplicial set N(C) U defined in 
[30, 2.4.3.1]. 

(2) For 6 = [1], we represent (Ai)i<j< m by the set S C (to) of indices i for which Xi = 1. Under 
this convention, an object of [l] u is a pair ((to), S), where (to) is an object of 3m*, S C (to)°. A 
morphism ((to), S) — > ((n), T) is a morphism a : (to) — > (n) of 3in* such that a(S) C T U {*}. 

The colored operad map Pf — > [1] sending a to and m to 1 induces a functor Pf® — )■ [l] u , 
which allows us to identify Pf® with the subcategory of [l] n whose objects are the same as the 
objects of [l] u , and whose morphisms are the morphisms a : ((to), S) — > ((ri), T) in [l] u such that 
a induces a bijection S fl a _1 (T) — > T. Under this identification, the functor Pf® — > N(3in*) is 
the forgetful functor. The induced injection CPf® — > (A 1 ) 11 is an oo-operad map [30, 2.1.2.7]. 

(3) By [30, 2.4.2.5, 2.4.3.18], the map 

A 1 x N(3m*) -> (A 1 )" (0, (n» «n>, 0) (1, <n» ^ «n>, (n)°) 

induces an equivalence of oo-categories 

Mon (A i ) n(eat oc ) Fun(A 1 ,Mon Co mm(eat 00 )). 

Taking a quasi- inverse and restricting to Pf®, we obtain a functor 

pf : Fun((A 1 ) op , Cat® ) ~ Fun(A 1 , Cat® ) -> Monyf (Catoo), 

where Monyf (Catoo) C Fun(Pf®, Catoo) is the full subcategory of Pf®-monoids in Catoo [30, 
2.4.2.1]. 

We define a subcategory Mon^ 3 ' (Catoo) C Monyf (Catoo) as follows: 

• The objects of Mon,p f 3t (Catoo) are monoids M : Pf K — > Catoo such that M(X) is a presentable 
stable oo-category for every object X of Pf®. 

• A morphism F; M — !> A of Pf®-monoids in Catoo is in Mon,p f 3t (Catoo) if and only if 
F(X) : M(X) -> N(X) admits right adjoints for every object X of Pf®. 

This subcategory is stable under small limits. Moreover, pf induces a functor 

(1.1) pf : Fun((A 1 ) op ,yrL®) ~ Fun(A\ Pr s L ®) -> Mon^ (Catoo). 

(4) For any object X of Pf®, we denote by Gjf : Monyj Bt (Catoo) — >• Pr^ t tne functor given by eval- 
uation at A. Similarly, for any morphism a in Pf®, we denote by G Q : Mon^j 31 (Catoo) — » 
Fun(A 1 , Catoo) the functor given by evaluation at a. We will often apply this to the map 
(: ((2), {1}) — > ((1), {1}) sending both 1 and 2 to 1, which is a morphism in Pf®. 
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Remark 1.5.9. A diagram p: — > Mon^jg (Catoo) is a limit diagram if and only if Gm\0) op and 
G((i),{i}) op are limit diagrams. 

The oo-operad map N(9 r in*) -} 3>f® sending (n) to ((n},0) induces a functor Monyf Bt (Cat^) — > Tr^.®. 
By construction, the composite map 

Fun((A 1 ) op , D>r*f ) Mon^Cat^) Tr s L f 
is equivalent to Fun((c?J) op , CPr^ t ®), so that the composite map 

IPtf ^ Fun((A 1 )^,Tr^) ^> Mon? (Cat*,) JPrg 8 

is equivalent to the identity. 

All the above discussions remain valid if we replace Tr^ t ® by CPr^.® l5 which will actually be the case we 
use below, and we will keep the same notations. 

2. Enhanced operations for ringed topoi 

In this chapter, we construct a map T® (2.1) that enhances the derived *-pullback and derived tensor 
product for ringed topoi. It also encodes the symmetric monoidal structures in a homotopy-coherent way. 
This serves as a starting point for the construction of the enhanced operation map. 

The construction is based on the flat model structure. This marks a major difference with the study of 
quasi-coherent sheaves. For the latter one can simply start with the dual version of the model structure 
constructed in [30, 1.3.4.3], because the category of quasi-coherent sheaves on affine schemes have enough 
projectives. The flat model structure for a ringed topological space has been constructed by [14,15]. In 
§2.1, we adapt the construction to every topos with enough points. 

2.1. The flat model structure. Let (A, Ox) be a ringed topos. In other words, A is a (Grothendieck) 
topos and Ox is a sheaf of rings in A. An Ox-module C is called cotorsion if Ext (F, C) = for every 
flat Ox-module F. The following definition is a special case of [15, 2.1]. 

Definition 2.1.1. Let AT be a cochain complex of Ox-modules. 

• K is called a flat complex if it is exact and Z n K is flat for all n. 

• K is called a cotorsion complex if it is exact and Z n K is cotorsion for all n. 

• K is called a dg-flat complex if K n is flat for every n, and every cochain map K — > C, where C 
is a cotorsion complex, is homotopic to zero. 

• A is called a dg-cotorsion complex if K n is cotorsion for every n, and every cochain map F — > A, 
where F is a flat complex, is homotopic to zero. 

Lemma 2.1.2. Let (/, 7): (A, Ox) — * (Y,0y) be a morphism of ringed topos. Then 

• (/j7)* preserves flat modules, flat complexes, and dg-flat complexes; 

• (/>t)* preserves cotorsion modules, cotorsion complexes, and dg-cotorsion complexes. 

Proof. Let F £ Mod(Y", Oy) be flat and C £ Mod(A, Ox) be cotorsion. We have a monomorphism 
Ext 1 (F, (/, 7)*C) Ext 1 ((/, 7 )*F,C) = 0. Thus (/,7)*C is cotorsion. Moreover, since short exact 
sequences of cotorsion Ox-modules are exact as sequences of presheaves, (/, 7)* preserves short exact 
sequences of cotorsion modules, hence it preserves cotorsion complexes. It follows that (/, 7)* preserves 
dg-flat complexes. 

It is well known that (/, 7)* preserves flat modules and short exact sequences of fiat modules. It follows 
that (/,7)* preserves fiat complexes and hence (/, 7)* preserves dg-cotorsion complexes □ 

The model structure in the following generalization of [15, 7.8] is called the flat model structure. 

Proposition 2.1.3. Assume that X has enough points. Then there exists a combinatorial model structure 
on Ch(Mod(A, Ox)) such that 

• The cofibrations are the monomorphisms with dg-flat cokernels. 

• The fibrations are the epimorphisms with dg-cotorsion kernels. 

• The weak equivalences are quasi-isomorphisms. 
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Furthermore, this model structure is monoidal with respect to the usual tensor product of chain complexes. 

Remark 2.1.4. (1) id: Ch(Mod(A, O x )) flat -> Ch(Mod(A, 0x)) inj is a right Quillen equivalence. 
Here Ch(Mod(A, 0x)) flat (resp. Ch(Mod(A, 0x)) inj ) is Ch(Mod(A, O x )) endowed with the flat 
model structure (resp. the model structure in [30, 1.3.5.3]). 
(2) If X = * and Ox = R is a (commutative) ring, then id: Ch(Mod(*, i?))P ro i Ch(Mod(*, i?)) flat 
is a symmetric monoidal left Quillen equivalence between symmetric monoidal model cate- 
gories. Here Ch(Mod(*, i?)) pr °j is Ch(Mod(*, R)) endowed with the projective model structure 
[30, 8.1.2.11]. 

To prove Proposition 2.1.3, we adapt the proof of [15, 7.8]. Let S be a site, G be a small topologically 
generating family [2, II 3.0.1] of S. For a presheaf F on S, we put \F\q = sup UGG ca,id(F(U)). 

Lemma 2.1.5. Let (3 > card(G) be an infinite cardinal such that ft > card(Hom([/, V)) for all U and V 
in G and k be a cardinal > 2° . Let F be a presheaf on S such that \F\g < k and let F + be the sheaf 
associated to F. Then |-F + |g < k. 

Proof. By construction [2, II 3.5], F+ = LLF, where (LF)(U) = Urn Hom»(R,F), J{U) is the 

set of sieves covering U, U 6 S, S is the category of presheaves on S. By [2, II 3.0.4] and its proof, 
\LF\ G < p 2 n' i2 = k. □ 

Let Og be a sheaf of rings on S. For an element U € S, we denote by the left adjoint of the 
restriction functor Mod(5, Os) Mod([/, Ou)- Using the fact that {ju\Qu)u£G is a family of flat 
generators of Mod(5, Os), we have the following analogue of [15, 7.7] with essentially the same proof. 

Lemma 2.1.6. Let f3 > card(G) be an infinite cardinal such that j3 > card(Hom([7, V)) for all U and V 
in G. Let k > max{2' 3 , |Os|g} be a cardinal such that ju\Qu is K- generated for every U in G. Then the 
following conditions are equivalent for an s -module F . 

• \F\ g <k. 

• F is K-generated. 

• F is K-presentable. 

Let F be an Og-premodule. We say that an Og-subpremodule E C F is G-pure if E(U) C F(U) is 
pure for every U in G. This implies that E + C F + is pure. As in [10, 2.4], one proves the following. 

Lemma 2.1.7. Let (3 > card(G) be an infinite cardinal such that f3 > card(Hom([/, V)) for all U and V 
in G. Let k > max{2^, |Os|g} be a cardinal, E C F be Os-premodules such that \E\g < K. Then there 
exists a G-pure Qs-subpremodule E' of F containing E such that \E'\g < K. 

To prove Proposition 2.1.3, we choose a site S of X, and a small topologically generating family G, 
and a cardinal n satisfying the assumptions of Lemma 2.1.6. Using the previous lemmas, one shows as 
in the proof of [15, 7.8] that the conditions of [15, 4.12, 5.1] are satisfied for k, which finishes the proof. 

Remark 2.1.8. Using the sheaves i»(Q/Z), where i runs through points P — > X of X, one can show as in 
[14, 5.6] that a complex K of Ox-modules is dg-flat if and only if K n is flat for each n and K ®o x L is 
exact for each exact sequence L of Ox-modules. 

2.2. Enhanced operations. Let us start by introducing some notations. 

Notation 2.2.1. For (2, l)-categories C, D, we denote by Fun (2 ' 1} (6, V) the (2, l)-cate gory of pseudo- 
functors from C to D. Morphisms in Fun*' 2,1 -' (C, D) are pseudonatural transformations between pseu- 
dofunctors and 2-cells in Fun' 2 '^(C, T>) are modifications between pseudonatural transformations. We 
adopt the convention that pseudofunctors (and pseudonatural transformations) are strictly unital, so that 
N(Fun (24) (C,'D)) is canonically isomorphic to Fun(N(C), N(D)). 

Example 2.2.2. We will simply write for Fm/ 2 ' 1 - 1 ([1], D). An object of is thus a morphism y — > x 
of D. A morphism of from /': y' — I x' to /: y — > x is a quintuple (it, v, w, a, 0), where u: x' — s> x, 
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v : y' — > y and w : y' — > x are morphisms in T> and a: w — > / o v, /3: !»-)ho/' are 2-cells of CD, as shown 
in the following diagram 




A 2-cell (ux, vx,Wi,oti, Pi) — > (u2, v-i, W2, CX2, P2) of is a triple (e : u\ — > U2, e' : v\ — > V2, e" : Wi — > W2) 
of 2-cells of D, compatible with a% and /3i, i = 1,2. 

Notation 2.2.3. Let C be an oo-category, £ be a set of edges of 6 which contains all equivalences. We 
define £^ to be the set of edges (y' — > x 1 ) — > (y — > x) of Fun(A 1 , C) corresponding to squares 




in C where p, q are in £. We define £° C £^ (resp. £ x C £"*■) to be the set of edges corresponding to the 
previous squares where p (resp. q) is an equivalence. 

Notation 2.2.4. Let SRingedCPTopos be the (2, l)-category of ringed U-topoi in V with enough points: 

• An object of E is a ringed topos (X, A) such that X has enough points. 

• A morphism (X, A) — ► (A', A') in E is a morphism of ringed topoi in the sense of [2, IV 13.3], 
namely a pair (/, 7), where /: X — > X' is a morphism of topoi and 7: f*A' A. 

• A 2-morphism (/i,7i) —> (/2,72) in is an equivalence e: /1 — ► such that 72 equals the 

composition /|A' ffA' A. 

• Composition of morphisms and 2-morphisms are defined in the obvious way. 

The functor (/,7)»: Mod(A, A) ->■ Mod(A',A') admits a left adjoint (/, 7 )* = A®/. A ' /*-. 

Our goal in this section is to construct a functor 
(2.1) T® : N(LRingedIPTopos op ) -> 3>r^ cl , 

where !PrL®i is defined in Notation 1.5.3. It sends 

• every object (A, A) of SRingedTTopos to its derived oo-category D(X, A)®, whose underly- 
ing oo-category D(X, A) is the fibrant replacement of (N(Ch(Mod(A, A)) dg _fl at ), W). Here 
Ch(Mod(A, A))d g _flat Q Ch(Mod(A, A)) is the full subcategory spanned by the dg-flat complexes, 
and W is the set of quasi-isomorphisms. 

• every morphism (/, A): (A, A) — > (A', A') of SRingedCPTopos to the enhanced pullback functor 
(/,7)*: 2)(A', A')® -> D(A, A)®, which is a symmetric monoidal functor. 

Let Cat^ be the (2, l)-category of marked categories, namely pairs (C, £) consisting of an (ordinary) 
category C and a set of arrows £ containing all identity arrows. We have a simplicial functor Cat^ — > Set^ 
sending (6, £) to (N(C), £). We define a 2-functor 

T® : 3?ingedyTopos op -> Fun (2 ' 1} ( Jin», Cat+) 

as follows. For every object (A, A) of 3?ingedCPTopos, T((A, A)): [Jin* — > Cat+ is the pseudofunctor 
sending (n) to (Ch(Mod(A, A)) dg _fl at , W) n and a: (m) — > (n) to the functor 

Ch(Mod(A,A)) dg . flat ,VF) m ^Ch(Mod(A,A)) dg _ flat ,W)" (A l )i< l < m j (g) A, 

For every morphism (/, A) : (A, A) -> (A', A') of ftingedCPTopos, T((f,X)): T((A',A')) -> T((X,A)) is 
the pseudonatural transformation given by 

T((/, A))((n)) = ((/, A)*)™ : Ch(Mod(A', A'))dg-flat, W') n -)• Ch(Mod(A, A)) dg . flat , W)". 
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Composing with the simplicial functor Cat^ — > Sct^ - '> (§et^)° and taking nerves, we obtain a map 

N(IRinged:PTopos op ) -> Fun(N( Jin,), N((Set+) )) ~ Fun(N( Jin,), Cat^). 

By construction, The image is contained in the full subcategory Moncomm(Catoo) — Cat® (Notation 
1.5.1). By construction, the image of (X, A), A), is a underlying symmetric monoidal oo-category 

of Ch(Mod(AT, A)) flat [30, 4.1.3.6] and its underlying oo-category D(X,A) is the fibrant replacement of 
(N(Ch(Mod(X,A)) dg . flat ), W). Therefore, by Remark 2.1.4 (1) and [30, 1.3.4.16, 1.3.5.15], T)(X,A) is 
equivalent to the derived oo-category of Mod(X, A) defined in [30, 1.3.5.8], which is a presentable stable 
oo-category by [30, 1.3.5.9, 1.3.5.21 (1)]. Combining this with Lemma 1.1.3, we deduce that the image is 
actually contained in Tr^j. This finishes the construction of (2.1). 

By Remark 2.1.4 (2) and [30, 4.1.3.5], for every ring A, D®(*,A) is equivalent to the symmetric 
monoidal oo-category defined in [30, 8.1.2.12]. 

Lemma 2.2.5. The map T® (2.1) sends small coproducts to products. 

Proof. This follows from our construction, Remarks 2.1.4, 1.5.5 and [30, 1.3.3.8, 1.3.4.8, 1.3.4.14]. □ 

Remark 2.2.6. Let (/, 7): (X,A) — > (X',A r ) be a morphism in ^ingedTTopos. It follows from 2.1.8 and 
[23, 14.4.1, 18.6.4] that the functors (/,7)*: D(X',A') -> B(X,A) and - ® - : D(A,A) x D(X, A) -> 
D(X, A) induced by T® are equivalent to the respective functors constructed in [23, 18.6], where 
D(X,A) = hT>(X,A) andD(X',A') =h.D(X',A'). 



3. Enhanced operations for schemes 

In this chapter, we construct the enhanced operation map for the category of disjoint union of quasi- 
compact and separated schemes, and establish several properties of the map. In §3.1, we introduce 
an abstract notion of (universal) descent and collect some basic properties. In §3.2, we construct the 
enhanced operation map (3.5) based on the techniques developed in the last chapter. In §3.3, we estab- 
lish some properties of the map constructed in the previous sections, including an enhanced version of 
(co)homological descent for smooth coverings. This property is crucial for the extension of the enhanced 
operation map to algebraic spaces and stacks in Chapter 5. 

3.1. Abstract descent properties. 

Definition 3.1.1 (F-descent). Let C be an oo-category admitting pullbacks, F : C op — !> D be a functor of 00- 
categories, /: X^ -> X± l be a morphism of 6. We say that / is of F- descent if Fo(X+) op : N(A + ) -4 D is 
a limit diagram in D, where A"+ : N(A t J p ) — s- 6 is a Cech nerve of / (see the definition after [29, 6.1.2.11]). 
We say that / is of universal F -descent if every pullback of / in C is of -F-descent. Dually, for a functor 
G : C — > D, we say that / is of G-codescent (resp. of universal G-codescent) if it is of G op -descent (resp. 
of universal G op -descent). 

We say that a morphism / of an oo-category C is a retraction if it is a retraction in the homotopy 
category hC Equivalently, / is a retraction if it can be completed into a weak retraction diagram 
[29, 4.4.5.4] Ret — > G of 6, corresponding to a 2-simplex of 6 of the form 

Y 

X ^ ^x. 

The following is an oo-categorical version of [16, 10.10, 10.11] (for ordinary descent) and [2, Vbis 3.3.1] 
(for cohomological descent). 

Lemma 3.1.2. Let 6 be an oo-category admitting pullbacks, F: C op — > T) be a functor of 00 -categories. 
Then 

(1) Every retraction f in C is of universal F-descent. 
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(2) Let 



(3.1) 




be a pullback diagram in G such that f and q are of universal F -descent. Then p is of universal 
F -descent. 
(3) Let 

Y 

9 / \ / 




be a 2- cell of C such that h is of universal F-descent. Then f is of universal F -descent. 
(4) Let 

Y 

\ / 




Proof. 



be a 2-cell of 6 such that f and g are of universal F-descent. Then h is of universal F-descent. 

(1) It suffices to show that / is of .F-descent. Consider the map N(A^ P ) x Ret —> C, right 
Kan extension along the inclusion K = {[0]} x Ret U {[o]}x{0} N(A|°)°p x {0} C N(A+ P ) x Ret 
of the map K — > C corresponding to the diagram 




Then by [30, 6.2.1.7], the Cech nerve of / is split. Therefore, the assertion follows from the dual 
version of [29, 6.1.3.16]. 

(2) It suffices to show that p is of F-descent. Let X+ : N(A+ P ) x N(A+ P ) ^ 6 be an augmented 
bisimplicial object of C such that X+ m is a right Kan extension of (3.1), considered as a diagram 
N(A|°)°p x N(A|°)°p -> 6. By assumption, F o (X+)°p is a limit diagram in D for i > -1 and 
F o (X+) op is a colimit diagram in V for j > 0. By the dual version of [29, 5.5.2.3], F o (X+_J 
is a limit diagram in D, which proves (2) since X^_ x is a Cech nerve of p. 

(3) Consider the diagram 



(3.2) 




in 6. Since pr z is a retraction, it is of universal F-descent by (1). It then suffices to apply (2). 
(4) Consider the diagram (3.2). By (3), pry- is of universal F-descent. It then suffices to apply (2). 



□ 
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Next, we prove a descent lemma for general topoi. Let X be a topos that has enough points, with 
a fixed final object e. Let uq '■ Uq — > e be a covering, which induces a hypercovering u, : U t — > e by 
taking the Cech nerve. Let A be a sheaf of rings in X, and A„=Ax U n . In particular, we obtain an 
augmented simplicial ringed topoi (Xm., A # ), where = e and A_i = A. Suppose that for every 
n > —1, we are given a strictly full subcategory C„ (6 = C_i) of Mod(X / Un , A„) such that for every 
morphism a: [m] — > [n] of A + , u* a : Mod(X / Un , A„) — > Mod(X/u m , A TO ) sends C„ to G m . Then, applying 
the functor G o T® (2.1), we obtain an augmented cosimplicial oo-category T)q % {Xm t , A.). 

Lemma 3.1.3. Assume that for every object o/Mod(A, A) such that u* Q ^ is in Co, & is in C. Then 
the natural map 

2) e (A, A) -> lun 2 e „ (X /c/n , A„) 

nG A 

is a categorical equivalence. 

Proof. We first consider the case where S„ = Mod(A/ C / ii , A„) for n > — 1. We apply [30, 6.2.4.3]. 
Assumption (1) follows from the fact that u* d0 : T)(X, A) — > D(Xm , Ao) is a 1-cell in Tr^J.. Moreover, the 
functor it* is conservative since Uq is a covering. Therefore, we only need to check assumption (2) of 
[30, 6.2.4.3], that is, the left adjointability of the diagram 



V(X /Um ,A m ) 



V{X /Un ,A n ) 



"D( X /I7 m+ ijA m+ i) 



for every morphism a : [m] — >■ [n] of A+, where a' : [m + 1] — >• [n + 1] is the induced morphism. This is a 
special case of Lemma 3.1.4 below. 

Now the general case follows from Lemma 3.1.5 and the fact that u*, is exact. □ 

Lemma 3.1.4. For every Cartesian diagram 




of X , the following diagram 
(3.3) 



D(X /v ,AxU) 



D(X /v ,Ax V) 



f" 



2)(A /C/ , ,AxU') D{X /V , , A x V) 



is left adjointable. 
Proof. The diagram 



Mod(X /t/ ,A x U) 



Mod(A/y, A x V) 



f! 



Mod(X /w , A x U') ^— Mod(A /y , , A x V) 

commutes up to isomorphism, and the four functors appearing in it are all exact. Therefore, after 
replacing Mod(A/_, A x — ) by D(X/_, A x — ) at all vertices, the above square provides a left adjoint of 
(3.3). □ 
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Lemma 3.1.5. Let p: K < — > Catoo be a limit diagram. Suppose that for each vertex k of K < : is given a 
strictly full subcategory T>k C Cj. = p{k) such that 

(1) For every morphism f: k — » k' , the induced functor p(f) sends T>k to Dy. 

(2) An object c of Coo is in if and only if for every vertex k of K , p( fk)(c) is in T>k, where oo 
denotes the cone point of K^, ff.: oo — > k is the unique edge. 

Then the induced diagram q : K < — > Catoo sending k to T>k is also a limit diagram. 

Proof. Let p: X -)■ {K^f be a Cartesian fibration classified by p [29, 3.3.2.2]. Let Y C X be the 
simplicial subset spanned by vertices in each fiber X^ that are in the essential image of for all vertices 
k of K < . The map q — p\Y : Y — > (K op ) > has the property that if / : x —> y is p-Cartesian and y is in Y, 
then x is also in Y by assumption (1), and / is g-Cartesian by the dual version of [29, 2.4.1.8]. It follows 
that q is a Cartesian fibration, which is in fact classified by q. By assumption (2) and [29, 3.3.3.2], q is a 
limit diagram. □ 

3.2. Enhanced operation map. Let King be the category of (small) rings. To deal with torsion and 
adic coefficients simultaneously, we introduce the category Kind of ringed diagrams as follows. 

Definition 3.2.1 (Ringed diagrams). Define the category Kind: 

• An object of Kind is a pair (2, A), called a ringed diagram, where 3 is a small partially ordered 
set and A: 2 op — > King is a functor. We identify (2, A) with the topos of presheaves on 2, ringed 
by A. A typical example is (N, n i— > Z/i?™ +1 Z) with transition maps given by projections. 

• A morphism of ringed diagrams (2, A) — > (2', A') is a pair (r, 7) where T: 2 —> 2' is a functor 
(that is, an order-preserving map) and 7: T*A' := A' o r op — > A is a morphism in King" . 

For an object (2, A) of Kind and an object £ of 2, we define the over ringed diagram (2, A) u (resp. under 
ringed diagram (2, A)^/) whose underlying category is 3/£ (resp. 2^/) and the corresponding functor is 

A /? : = A I S /? ( res P- A ?/ : = A I 

For any topos X and any small partially ordered set 2, we denote by X a the topos Fun(2 op , X). If 
(2, A) is a ringed diagram, then A defines a sheaf of rings on X a , which we still denote by A. We thus 
obtain a pseudofunctor 

(3.4) KTopos x Kind -4 KingedKTopos 

carrying (X, (2, A)) to (X~, A), where KTopos is the (2, l)-category of ringed topoi with enough points. 

Notation 3.2.2. For a property (P) in the category King, we say a ringed diagram (r, A) has the property 
(P) if for every object £ of 2, the ring A(£) has the property (P). We denote by Kinder the full subcategory 
of Kind consisting of torsion ringed diagrams. 

Let §ch qc scp C Sch be the full subcategory spanned by (small) disjoint union of quasi-compact and 
separated schemes. For each object X of Sch (resp. §ch qc ' sep ), we denote by Et(X) C §ch/ x (resp. 
Et qc ' sep (X) C Sch q ^ sep ) the full subcategory spanned by the etale morphisms. We denote by X& (resp. 

A^qc.scp.ot) the associated topos, namely the category of sheaves on Et(X) (resp. Et qc sop (AT)). In [2, VII 
1.2], Et(X) is called the etale site of X and X 6t is called the etale topos of X. The inclusion Et qc scp (X) C 
Et(X) induces an equivalence of topoi X^t — > A^ qc . sop .6t. In this chapter, we will often write X^t for 

A^qc.scp.ct ■ 

Let A — Ar(Sch qc scp ), F C A be the set of morphisms locally of finite type. The goal of this section 
is to construct the following enhanced operation map (for §ch qc scp ): 

(3.5) Sc1i ,=. S cpEO : <5* {^Fm^A 1 , N(§ch qc - sop ))^ a o rt j4 ^ x N(Kind^ r ) -»■ Mon^ (Catoo). 
Remark 3.2.3. The map Gj o Sch qc. S o P EO (Notation 1.5.8) sends 

• a 0-cell (y 4 X,(3,A)) to 



V(Y£ , A) x V(Xg, A) D(y|, A); 
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• a 1-cell 



Y'-?+X', (S,A) 



Y — -^X 

in direction 1 (where p is an isomorphism and q is locally of finite type) to 



2)(y/f,A)x©(Af,A) 

q\ Xp\ 

D(^f,A)xD(X|,A) 



-2)(y,f,A) 



•2)(nf,A); 



• a f-cell 



Y'-£+X', (S,A) 



A 



in direction 2 to 



£(Y 6 f, A) x D(Af , A) T)(Yf~,A) 

q* xp* 

D(Y|,A) x P(Af t ,A) " 0r " > P(lg,A); 



• a 



f-cell (Y 4 A, (3', A') (S, A)) in direction 3 to 

V(Yg , A') x D(Af t ', A') ' 8r ' > D(y,f ' , A') 



D(y,= ,A)xD(Ar t ,A) ^— 

where the vertical functors are extension of scalars. 

Remark 3.2.4. The map Sch qc. S o P EO with the target Mon yf st (Catoo) encodes more information than the 
restricted map o Sch qc. a c P EO. For example, consider a 1-cell 



y 



A^-A 



in direction 1 and fix an object (S, A) of N(3?ind^ r ). Its image under Sch qc. a o P EO is a functor A 1 x 3f® — > 
Catoo. By choosing four different decompositions of the active map (0, ((3), {1})) — > (1, ((f), {1 })) in the 
category [f] x Pf , we obtain a diagram 

A 1 x A 1 -> Fun(CD(Y 6 f , A) x V(Xg, A) x D(X|:, A), D(X|:, A)) 



MS 



® (/*") ® (/*")) /•(- ® (/*-)) 



(/!-) 
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where all natural transformations arc equivalences. 

Let P C F be the set of proper morphisms, I C F be the set of local isomorphisms. 
Lemma 3.2.5. The map 

(3.6) <5 3 * {3} Fun(A 1 , N(Sch qc - scp )) c P a rt 7 o^^ -> ^ ^jFui^A 1 , N(Sch qc - sop )) c F a r ^^ 

is a categorical equivalence. 

Proof. Let Ff t C F be the set of morphisms of finite type, Eft = E fl -Fft, ift = / H Ff t . Consider the 
following commutative diagram 



5 



l i{4} Fun(A\ N(Sch qc - sep ))-* „ , J0 ,^ <5* {3} Fun(A\ N^ch™))-^ 



<5* {3} Fun(A 1 , N(Sch qc - scp ))- rt /0 ^ <5* {2} Fun(A 1 , N(Sch™))- rt A _ . 

To show that the lower horizontal map is a categorical equivalence, it suffices to show that the other 
three maps are categorical equivalences. 
In [27, 6.16], we let 

. a=l,K = {3,4},L = {4}; 

• C = Fun(A 1 ,N(Sch qcscp )), £ = F°, £ x = P°, £ 2 = 1°, £ 3 = I Q and £ 4 = A^; 

Assumption (1) is immediate and assumption (3) is void by [27, 6.17]. By Nagata compactification 
theorem [7, 4.1], ((Ob((Sch qcscp )^), P°, Ig) satisfies the assumptions of [27, 4.6]. Therefore, as- 
sumption (2) (of [27, 6.16]) is also satisfied. It follows that the map in the upper horizontal arrow is a 
categorical equivalence. Similarly, using [27, 6.16], one proves that the vertical arrows are also categorical 
equivalences. □ 

Composing the pseudofunctor §ch qc sep — > TTopos carrying X to and (3.4), we obtain a pseudo- 
functor §ch qc scp x Kind — > JiingedCPTopos carrying (X, (H, A)) to (X^ t ,A), which induces a functor 

(3.7) N(§ch qc scp ) x N(Kind) -> N(ftinged:PTopos). 
Composing (3.7) with T® (2.1), we get 

(3.8) ^-pEO* : N(Sch qc - sop )°P -4 Fun(N(D?ind^), Pr^). 
Composing with pf o Fun((A 1 ) op , Sch qc. S c P EOg) (1-1), we obtain a functor 

(3.9) Sch ,c S c P EO; f : Fun(A 1 ,N(Sch qc - scp )) op x N(IRind op ) -> Mon^ (Gate). 
Consider the composition 

^((Fun(A 1 ,N(Sch qc - scp ))5 a o r * / o !A ^) op KN(3lind op )) 

~ <5*(Fun(A 1 ,N(Sch qc - sop ))^ rt /0 ^^) op x N(IRind op ) 

-> Fun(A 1 ,N(Sch qc - sop )) op x N(Dlind op ) is^T^^ Mon^Cat^), 
which can be written in the form 

^,{1,2,3.4} (Fun(A 1 ,N(§ch qc - sop ))5 a o rt 7 o^^ 81 N(ftind) H J>f®) -> CaW 
We apply the dual version of Proposition 1.4.3 for direction 1 to construct 

^*{2, 3 ,4}( Fun ( Al : N (S chqc ' SCp ))pvo,A- ^N(ftind tor ) KPf®) -> Satoo. 

The adjointability condition, modulo the obvious reduction to the case where S is trivial, is proper 
base change for directions (1,2) and (1,3), and projection formula for directions (1,4) and (1,5). See 
[2, XVII 4.3.1] for a proof in D _ . The general case follows by the right completeness of the unbounded 
derived categories [30, 1.3.4.21] and the fact that /* : D(Y, A) — > D(X, A) admits a right adjoint for every 
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morphism / in P and every object A of 3?indtor- We then apply Proposition 1.4.3 for direction 2 to 
construct 

(3.10) n: 81 {3i4} (Fun(A 1 ,N(Sch qc - sop ))5? r * / o i ^ M N(3iind tor ) M D>f®) -> CaW 

The adjointability condition for direction (2,1) follows from the fact that, for every separated etale 
morphism / of finite type between quasi-separated and quasi-compact schemes, the functor f\ constructed 
in [2, XVII 5.1.8] is a left adjoint of /* [2, XVII 6.2.11]. The adjointability condition for direction (2,3) 
follows from etale base change. The adjointability conditions for directions (2,4) and (2,5) follow from a 
trivial projection formula [23, 18.2.5]. 

Composing (3.10) with a quasi- inverse of (3.6), we obtain (3.5). By construction, Sch qc. s ?pEO* f = 
Sch qc. 3 cpE0* f I Fun(A 1 ,N(Sch qc scp ))°P x N(3?ind t °^ r ) is equivalent to the restriction of Sch ,c. s = P EO to di- 
rection 2. Up to replacing Sch qc.Bc P EO by an equivalent map, we may assume that the restriction of 
Sch qc. a o P EO to direction 2 is §cll q=i"EO* f . 

Variant 3.2.6. Let Q C F be the set of locally quasi-finite morphisms. Recall that base change for an 
integral morphism [2, VIII 5.6] holds for all abelian sheaves. Replacing proper base change by finite base 
change in the construction of (3.5), we obtain 



Sch qc.! q pEO: <5* {2} Fun(A 1 ,N(Sch qc - sep ))^ a o rt A ^ x N(IRind op ) -> Mon£" (Cat^). 
When restricted to their common domain of definition, this map and g ch qc.sc P EO are equivalent. 

3.3. Poincare duality and (co)homological descent. The functor §ch qc scp -> (Sch qcsop )^ sending 
X to X — > Spec Z induces a map 

a: N(Sch qc - scp )^ Fun(A 1 , N(Sch qc - sop ))^o r ^ • 
We define the enhanced Base Change map for Sch qc scp to be the following composed map 



(3.11) Sch q^ P EOr : ^, {2} N(Sch qc - sop )^ «J* {2} Fun(A\ N(§ch qc - sop ))^- 



SchqC5CpE °) Fun(N(^ind t Z.),Mon^ (ea too )) F ^ N «)^„ 1 ,.( 1 ),) ) Fun(N(Kind^), ^ t ). 

Restricting (3.11) to the first direction, we get 

S ch«EO,: N(Sch qc ' sc > Fun(N(D?ind t ° p r ), 3^). 

Composing the categorical equivalence /y rst in Remark 1.4.4 with g^qc.acpEOi, we obtain 

Sch qc. S o P EO ! : N(Sch qc sop )° p -> Fun(N(3?ind tor ), TrfJ. 

We fix a nonempty set L of rational primes. Recall that a ring R is an L-torsion ring if each element 
is killed by an integer that is a product of primes in L. In particular, an L-torsion ring is a torsion ring. 
We denote by 3?ind|__tor Q 3?ind to r the full subcategory spanned by L-torsion ringed diagrams. Recall that 
a scheme X is L-coprime if L does not contain any residue characteristic of X. Let Sch qc scp be the full 
subcategory of Sch qc ' 8Gp spanned by L-coprime schemes. We let A\_ = Ar(Sch qc scp ) and Fi = F fl A\_. 
Moreover, let L C F^ be the set of smooth morphisms. 

Definition 3.3.1 (Shift and twist). We denote by §ch qc..o P EOg T the composite map 

C[N(Sch qcsop ) x N(ftind)] op -> (Set+)^ Set A , 

where the first map is induced by Sch qc.sc P EOj!j and adjunction, and the second map sends T>® to 
M a P(Set + )/rp (Z® , D®), which can be identified with the maximal Kan complex contained in Fun® (Z® , 2)®) 
(see Example 1.5.2 for the notation Z®). 

To simply the notations, let 6 = N(Sch qc scp ), L = N(IRind op ) and e EOg T = Sch ,c,c P EOs T . For each 
integer i, we are going to construct a section SiTo of Une X £° P ( e EOg T ). Since s = SpecZ is the final 
object of C, the restriction map 

(3.12) 

Ma PexLop (e x £ op ,Un ex£ o P ( e EO ST )) Map {s}x£op ({s} x £ op ,Un {s}x£op ( e EOg T | £[{s} x £ op ])) 
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is a trivial fibration. We only need to define an object in the right-hand side of (3.12), which is a Kan 
complex. For every object (n) of ^in* and every object A = (EE, A) of 3iind, we have the following functor 



where in the m-th component (which is a dg-flat complex), the constant sheaf A in Mod((Spec Z)? t , A) 
is put in the degree —ik m . This assignment defines a pseudofunctor from 3?ind op x iFin* x [1] 
to Cat^ . Taking nerves and applying the unstraightening functor, we obtain an object of 
Map {s}x£op ({s} x £°P,Un {s}x£ o P ( e EOsT I £[{s} x £ op ])). Finally, let S;To be a lifting of this 
object to Fune X £°p(Unex£°p(eEOg X )) via (3.12). If we denote by Ax \n\ the evaluation of S^Tq at 
n 6 Z in the fiber above (X, A), which can be viewed an object of D(X, A) = T>(Xf t , A), then the functor 
— ® Ax [n\ is just (equivalent to) the usual shift by in. 

Let i, j be two integers. We let 6" = ScliL C ' scp and L" = N(3?indL P tor ), and repeat the same process 
for e „EOg T := e EOg T | £[6" x £"°p] by taking the final object to be SpecZ^- 1 ] and modifying (3.13) 



Z" -> (^((SpecZfL" 1 ])!, A) dg . flat )™ {h, . . . , k n ) ^ (• • • -> -> A(jk m ) ->• -> • • • )i< m <„, 

where A(jk m ) is the jfc m -th Tate twist of A in Mod((Spec Z[L _1 ])r t , A), put in the degree —ik m . The 
induced section of Une» X £"°p (g"EOg T ) is denoted by SiTj. There is only a slight abuse of notation, 
since when j = Q the two separately defined S^To are equivalent on their common domain. 

For every object A = (2, A) of 3?ind and every object X of §ch qc i!Cp , we will write D(X,X) instead 
of T>(Xg,A). There is a t-structure (D- a (X>\),T>- (X, A)) 6 on T)(X, A), which induces the usual t- 
structure on its homotopy category T>(Xf t , A). We denote by r-° and r-° the corresponding truncation 
functors. The heart "D®(X, A) C D(X,A) is canonically equivalent to (the nerve of) the abelian category 
Mod(A^, A). The constant sheaf Xx on X~ of value A is an object of TP[X, A). Assume that (X, A) is 
an object of N(ScliL C ' sep ) x N(3?indL P tor ). For every integer d, we denote by Ax |_^J the evaluation of S2T1 
at d e Z in the fiber above (X, X) , and let — (d) = — <Z) Xx [d\ . 

We adapt the classical theory of trace maps and Poincare duality to the oo-categorical setting, as 
follows. Let /: Y — > X be a flat morphism, locally of finite presentation, and such that every geometric 
fiber has dimension < d. Let A be an object of N(3?indL P tor ). In [2, XVIII 2.9], Deligne constructed the 
trace map 



which is a 1-cell in V^(X, A). 

Remark 3.3.2 (Functoriality of the trace map). The trace maps Tr/ for all such / and A are functorial in 
the following sense: 

(1) For every morphism A' — > X of N(ftindL P tor ), the diagram 



(3.13) 



Z" -> (Ch((S P ecZ)? t ,A) dg . flat r (*!,..., 



k n ) n-(---^0^A— > — >••■■) 

Km< 



to be 



Tr f =Tr fX . T^°f,X Y (d) ^ X x , 



T^f,X Y (d) 





^ f<X> Y {d))® x ,)Xx 



Xx 



commutes. 
(2) For every Cartesian diagram 



/' 



X' 



V 



u 



Y 



f 



X 



'The reader should be careful that we use a cohomological indexing convention, which is different from [30, 1.2.1.4]. 
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in N(§chL C SCp ), the diagram 



u*T^ f,X Y (d) l^Lu*X 



x 



Tr, 



commutes. 
(3) Consider a 2-cell 



Z 



X 





Y 



of N(ScriL C ' scp ) with / (resp. g) flat, locally of finite presentation, and such that every geometric 
fiber has dimension < d (resp. < e). Then h is flat, locally of finite presentation, and such that 
every geometric fiber has dimension < d + e, and the diagram 



Tr,, 



T^f,{T^g,\ z (e))(d) 

T^°hiXz(d + e) — 
commutes. 

Remark 3.3.3. The map g ch qc. a c P EO applied to the morphism 

/ 



■T^f,X Y {d) 



A 



A" 



Y 



X 



I 



X^X 



provides the following 2-cell 



D(y,A) 




V(X, A) 



D(X,X). 

If we abuse of notation by writing f*(d) for —(d) o /*, then the composition 

Uf. f\ o f*(d) f\X Y (d) eg) > X x ® > id x 

is a natural transformation, where idx is the identity functor of "D(X, A), and the second map is induced 

Tr/ 

by the composite map f\Xy{d) -> T^°fiX Y (d) -A X X - By [2, XVIII 3.2.5], Uf is a counit transformation 
when / is smooth and of pure relative dimension d. Therefore, in this case, the functors f*(d) and /■ are 
equivalent. 

Remark 3.3.4. Assume that /: Y — > X is flat, locally quasi-finite, and locally of finite presentation. Let 
A be an object of N(3iind op ) (see Variant 3.2.6 for the definition of the enhanced operation map in this 
setting). In [2, XVII 6.2.3], Deligne constructed the trace map 

Tr /: T^°f,X Y -> Ax, 

which is a 1-cell in D^^X, A). It coincides with the trace map in Remark 3.3.2 when both are defined, 
and satisfies similar functorial properties. Moreover, by [2, XVII 6.2.11], the map uf. ft o /* — >• idx 
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constructed similarly to Remark 3.3.3 is a counit transform when / is etale. Thus, the functors f' and 
/* are equivalent in this case. 

The following proposition will be used in the construction of the enhanced operation map for quasi- 
separated schemes. 

Proposition 3.3.5 ((Co)homological descent). Let f : Xq — > Xlj be a smooth and surjective morphism 
mSch qcscp . Then 

(1) / is of universal g ch ^.ac P 'EO'L-descent (Definition 3.1.1). 

(2) / is of universal Sch cic.scpFiOi -codescent. 

Proof. By [29, 5.1.2.3] and its dual version, we can restrict sch qcsop EO^ (resp. s c hi c3 °pEO|) to a fixed 
object (H, A) of [Rind (resp. 3?ind tor ). This reduction will be repeated later when proving similar state- 
ments. 

We first prove the case where u is etale. 

(1) Let X+ be a Cech nerve of /, and Df*' = Sch qc. a c P EO^ o (X+) op . By Remark 1.5.5, we only 
need to check that D*f = Go j)®** is a limit diagram. This is a special case of Lemma 3.1.3 by 
letting U, be the sheaf represented by X+, and 6. be the whole category. 

(2) By [11, 1.3.3], we only need to prove that T)'' = Sch qc. a c P EO ! o (X+) op is a limit diagram. We 
apply Lemma 3.3.6 below. Assumption (1) follows from the fact that D^ 1 admits small limits 
and such limits are preserved by /•. Assumption (2) follows from the Poincare duality for etale 
morphisms recalled in Remark 3.3.4. Moreover, /■ is conservative since it is equivalent to /*. 

The general case where u is smooth follows from the above case by Lemma 3.1.2 (3) (and its dual 
version), and the fact that there exists an etale surjective morphism g: Y — » X in §ch qc sop that factorizes 
through / [1, 17.16.3 (ii)]. □ 

Lemma 3.3.6. Let C* : N(A+) — > Catoo be an augmented cosimplicial oo-category, and set C = C -1 . Let 
G : C — > C° be the evident functor. Assume that: 

(1) The oo-category C _1 admits limits of G- split cosimplicial objects, and those limits are preserved 
byG. 

(2) For every morphism a: [m] — > [n] in A+, the diagram 

jO 

Qm a ^ gm+1 



Qn ® ^ gn+1 

is right adjointable. 
(3) G is conservative. 

Then the canonical map 9 : 6 — > lim ^ A C™ is an equivalence. 

Proof. We only need to apply [30, 6.2.4.3] to the augmented cosimplicial oo-category N(A+) — ► Catoo — > 
Catoo, where R is the equivalence that associates to every oo-category its opposite [30, 2.4.2.7]. □ 

4. DESCENT: A PROGRAM 

In this chapter, we develop a program called DESCENT. It is an abstract categorical procedure to 
extend the maps Sch qc. a c P EO (3.5) and Sch qc !cpEOl (3-8) constructed in §3.2 to larger categories. The 
extended maps satisfy similar properties as the original ones. This program will be run in the next chapter 
to extend our theory successively to quasi-separated schemes, to algebraic spaces, to Artin stacks, and 
eventually to higher Deligne-Mumford and higher Artin stacks. 

In §4.1, we describe the program by formalizing the data for Sch qc scp . In §4.2, we construct the 
extension of the maps. In §4.3, we prove the required properties of the extended maps. 
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4.1. Description. In §3.2, we constructed two EO (3.5) and g^qcepEO® (3.8). They 

satisfy certain properties such as descent for smooth morphisms (Proposition 3.3.5). We would like to 
extend these maps to maps defined on the oo-category of higher Deligne-Mumford or higher Artin stacks, 
satisfying similar properties. We will achieve this in many steps, by first extending the maps to quasi- 
separated schemes, and then to algebraic spaces, and then to Artin stacks, and so on. All the steps are 
similar to each other. The output of one step provides the input for the next step. We will think of this 
as recursively running a computer program, which we name DESCENT. In this section, we axiomatize 
the input and output of this program in an abstract setting. 
Let us start with a toy model. 

Proposition 4.1.1. Let (6, £) be a marked oo-category such that C admits pullbacks and £ is stable 
under composition and pullback. Let 6 C C be a full subcategory stable under pullback such that for 
every object X of 6, there exists a morphism Y — > X in £ representable in C with Y in 6. Let B 
be an oo-category such that T) op admits geometric realizations. Let Fun £ (C op ,2)) C Fun(C op ,D) (resp. 
Fun £ (C op ,D) C Fun(C op , D)) be the full subcategory spanned by functors F such that every edge in 
£ = £ n Ci (resp. in £J is of F -descent. Then the restriction map 

Fun £ (C 0?, ,D) -> Fun £ (C 0?, ,2)) 

is a trivial fibration. 

The proof will be given at the end of §4.2. 

Example 4.1.2. Let Sch qs C Sch be the full subcategory spanned by quasi-separated schemes. It contains 
§ch qc scp as a full subcategory. Applying 4.1.1 to 6 = N(Sch qs ), 6 = N(Sch qc sep ), T> = IPr s L ® cl , the set £ 
of etale surjections and the map g^qc.sepEOJL, we obtain an extension to N(Sch qs ). 

Now we describe the program in full. We begin by summarizing the categorical properties we need on 
the geometric side into the following definition. 

Definition 4.1.3. An oo-category C is geometric if it admits small coproducts and pullbacks such that 

(1) Coproducts are disjoint. Every coCartesian diagram 

X 

Y ^X]JY 

is also Cartesian, where denotes an initial object of 6. 

(2) Coproducts are universal. For a small collection of Cartesian diagrams 

Y ^Y 

Xt s- X, 

i G I, the diagram 

Uie! Y i *Y 

Uiei X i *~ X > 

is also Cartesian. 
Remark AAA. 

(1) Let C be geometric. Then a small coproduct of Cartesian diagrams of C is again Cartesian. 

(2) The oo-categories N(Sch qc sop ), N(Sch qs ), N(£sp), N(Chp), Chp fc " Ar and ehp fc - DM (k > 0) appear- 
ing in this article are all geometric. 
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We now describe the input and the output of the program. The input has three parts: 0, I, and II. 
The output has two parts: I and II. We refer the reader to Example 4.1.10 for a typical example. 
Input 0. We are given 

• A 5-marked oo-category (C, £ s , £', £", £t, 5"), a full subcategory C C C, and a morphism s" — > s' 
of (-l)-truncated objects of 6 [29, 5.5.6.1]. 

• For each deZU {— oo}, a subset £^' of £". 

• A sequence of inclusions of oo-categories £" C L' C L. 

• A function dim + : 5F — > Z U {— oo, +oo}. 

Let £ s = £ s nCi, £' = £'nCi, £" = £"nCi, Z" A = fi^'nCi (d e ZU{-oo}), £ t = £ t nCi and SF = JnCi. 
Let C (resp. C', 6", and 6") be the full subcategory of C (resp. 6, 6, and C) spanned by those objects 
that admit morphisms to s' (resp. s', s", and s"). They satisfy 

(1) 6 is geometric, and the inclusion 6 C 6 is stable under finite limits. Moreover, for every small 
coproduct A = ]J ieJ Xi in C, X is in C if and only if Xi is in C for all i E I. 

(2) L" C £' and £' C L are full subcategories. 

(3) £ s , £', £", £t, 3 are stable under composition, pullback and small coproducts; and £' C £" C £ t C 
SF. 

(4) For every object AT of C, there exists an edge / : Y — > X in £ s PI £' with Y" in C. Such an / is 
called an a&s for X. 

(5) For every object X of C, the diagonal morphism X — > A x X is representable in 6. 

(6) For every edge /: Y — > X in £", there exist 2-cells 

(4.1) 




of C with /rf in Z" d such that the edges id exhibit Y as the coproduct Udez Yd- 

(7) For every d € Z U {— oo}, £' d ' C £" and £^' is stable under pullback and small coproducts. £"00 is 
the set of edges whose source is an initial object. For distinct integers d and e, Z" d PI £" = £"00- 

(8) For every small set / and every pair of objects A and Y of C, the morphisms X — > X ]J Y and 
JJ / A — )■ A are in £q . For every 2-cell 



(4.2) 




of C with / in Z" d and g in £", where <i and e are integers, /i is in E d+e . 
(9) The function dim + satisfies the following conditions. 

(a) dim + (/) = —00 if and only if / is in fi"^. 

(b) The restriction dim + — fi"^ is of constant value d. 

(c) For every 2-cell (4.2) in C with edges in 5F, we have dim + (ft,) < dim + (/) + dim + (g), and 
equality holds when g is in £ s n £". 

(d) For every Cartesian diagram 




in C with / (and hence g) in 2r, we have dim (g) < dim (/), and equality holds when p is 
in £ s . 
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(e) For every edge / : Y — > X in j every small collection 

Y 



X 





of 2-cells with g, L in such that the morphism Yiiei ~^ Y is in £ s , we have dim + (/) 



sup ig/ {dhn + (/ii) - di}. 



(10) £' = £ff. 

By (6) and (9e), for every small collection {Yi Xi}i £ j of edges in £ t , dim + (]J ieJ /,) = 

sup ie/ {dim + (/ J )}. 

Input I. Input I consists of two maps as follows. 
• The abstract operation map for C: 

e ,EO: <52 i{2} Fun(A 1 ,e')(yne; ) o. er -> Fun(£', Mon^ (Cat^)). 



e EO^:e°^Fun(£,yr^ cl ) 



By definition, s' is a final object of both C and C'. We choose a functor S: C' — >• Fun(A 1 ,C') such 
that <ij o £ = idg, and d\ o E is the constant functor of value s'. The functor £ | C induces a map of 
bisimplicial sets 

£ 2 : C^ne'^e; ~^ Pun(A , C')(^p e ») 0) e^->-- 
We call the following composite map 



^2,{2}^ 2 ti /*1 /oxcart 



(4.3) e ,EOr : 5 2 * {2} e^*, ie , {2} Fun(A\ C) 



> FunCC'.Mon^eatoo)) ! ((1> ' {1}>; ) 



the abstract Base Change map for 6'. Restricting (4.3) to the first direction, we get 

e ,EO,: C -> Fun(£',Tr^ t ). 
Input I is subject to the following properties: 

PI: Disjointness. The map gEO^ sends small coproducts to products. 

P2: Compatibility. The map Fun(£',pf) o Fun((A 1 )°P, ( e EO^ | C' op )) is equivalent to 

(4.4) e' E °pf : Fun(A 1 ,e') op -> <5* {2} Fun(A 1 , e')^ e;) o^ r ► Fun(£', Mon^Cat^)), 

where the first map is the restriction to direction 2. 

At this point we fix some notations. For an object X of C and A of L, we denote by D(X, A)® 
the symmetric monoidal oo-category e EO^,(X)(A). For a morphism /: V — > X of 6 (resp. C) and an 
object A of £ (resp. £')> we denote by /* : D(X,A) 8 -> D(Y,A)® (resp. /, : T>(Y, A) -> D(X,A)) the 
functor e EO^(/)(A) (resp. e /EOi(/)(A)). By (P2), D(X, A) is equivalent to the underlying oo-category 
of A)®, which justifies the notation. 

P3: Conservativeness. If / is in £ s , then /* is conservative. 

P4: Descent. Let / be a morphism of C. Then / is of universal e EO^-descent (resp. e /EO r 

codescent) if / is in £ s n £" (resp. £ s n £" n CJ. 
P5: Adjointability for £' . Let 

g 




be a Cartesian diagram of C with / in £', and A be an object of Then 
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(1) The square 

D{Z,X)^—'D(X, A) 

g' f 
T>(W, A) — D(Y, A) 

has a right adjoint that is a square of CPr^:. 

(2) If p is also in £', the square 

A) — D(Y, A) 

P* 9* 

D(Z,X)^— D(W,A) 

is right adjointable. 

pgbis. Adiointability for £". We have the same statement as in (P4) after replacing C by C", £' 
by £", and L' by 

The validity of the axioms is independent of the choice of E. 
Input II. Input II consists of the following data. 

• A section ST = (\x (d))de2,,(x,\)ee"°pxL" of Une" x£"°p (e"EOg T ), where the notations are sim- 
ilarly defined as in Definition 3.3.1. 

• A i-structure on D(X, A) for every object X of C and every object A of £. 

• A morphism (the trace map for £ t ) Tr/ : t-° f\\y (d) — > Ax for every edge / : Y — >• X in £ t n C", 
every integer d > dim + (/), and every object A of L". 

• A morphism (the trace map for £') Tr/ : r-°/iAy — >■ Ax for every edge /: Y — )■ X in £' fl Ci and 
every object A of These trace maps coincide when both are defined. 

Input II is subject to the following properties. 

P6: t-structure. For every object A of L, we have the following. 

(1) For every object X of 6, Ax is in the heart ^{X, A) of D(X, A), and - <g> X x (l) is t-ex&ct 
if it is defined. 

(2) For every object X of 6, the t-structure on D(X, A) is accessible, right complete, and 
D^-°°(X, A) := f|„ T>-~ n (X, A) consists of zero objects. 

(3) For every morphism / of 6, /* is t-exact. 
P7: Poincare duality for £". We have 

(1) For every / in £ t fl 6", every integer d > dim + (/), and every object A of L" , the source of 
the trace map Tr/ belongs to the heart "D^'(X, A). Moreover, Tr/ is functorial in the sense 
of Remark 3.3.2 with N(Sch qc scp ) (resp. N(D?indL P tor )) replaced by 6" (resp. L"). 

(2) For every / in Z" d fl C", and every object A of the map uf. f\o f*(d) — > idx, induced by 
the trace map Tr^: r- /iAy((i) — > Ax following the procedure in Remark 3.3.3, is a counit 
transformation. Here idx is the identity functor of D(X,\). 

P7 bls : Poincare duality for £'. We have the same statement as in (P7) after letting d — 0, and 
replacing 6" by C, £ t by £', and L" by 

Remark 4.1.5. 

(1) (P4) implies that (P3) holds for / E £ s n £". 

(2) If d > dim + (/), the trace map Try is not interesting because its source r- /iAy(d} is a zero 
object. We included such maps in the data in order to state the functoriality (in the sense of 
Remark 3.3.2) more conveniently. 

(3) We extend the trace map to morphisms / : Y — >• X in £ t flC" endowed with 2-cells (4.1) satisfying 
dim + (/d) < d and such that the morphisms id exhibit Y as Udez^- For every object A of L" , 
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the map 

D(y,A)-y JjD(y«,,A), 

del 

induced by i d is an equivalence by (PI). We write — (dim + ) : T)(Y, A) — > D(Y, A) for the product 
of {-(d): T>(Y d ,\) -> D(Yd,X))dei- Since Ay ~ 0rf e z U\Xy d , the maps Tr/ d induce a map 
Tr/ : T—°fiXy (dim + ) — > Ax- Moreover, the trace map is functorial in the sense that an analogue 
of Remark 3.3.2 holds. 

(4) (P7) (2) still holds for morphisms /: Y — V X in E" DG". For such morphisms, the 2-cells in Input 
(6) are unique up to equivalence by Input (7). We write — (dim/) : D(Y, A) — > T>(Y, A) for the 
product of {-(d): D(Y d ,A) -)■ T>(Y d , A)) dez . Then, (P7) (2) for the morphisms f d implies that 
the map uj: f\o /*(dim/} — > idx induced by the trace map Try: t-° f\Ay(d) — > Ax following 
the procedure in Remark 3.3.3 is a counit transformation. 

Output I. Output I consists of the following two maps. 

• The abstract operation map for C: 

g ,EO: tf 2 * {2} Fun(A\ e')^ r *g, )0) g r -> Fun(£', Mon^ (Cat^)) 

extending e /EO. 

• g EO^: G°p -¥ Fun(£, 3>r^ cl ) extending e EO^. 

Output II. Output II consists of the following data extending those of Input II. 

• A section ST = (Xx(d)) deZt(XA)E e„„ Pxj: „ of Ung„ x£ „ op (g„EOs T ). 

• A i-structure on D(X, A) for every object X of C and every object A of L. 

• A morphism (the trace map for £ t ) Tr/ : T-°f\Ay (d) — > Ax for every edge / : Y — >• X in £ t n 6", 
every integer d > dim + (/), and every object A of L" . 

• A morphism (the trace map for £') Tr/: r-° f\Ay — > Ax for every edge /: Y — )■ X in £' D and 
every object A of L' . These trace maps coincide when both are defined. 

We define properties (PI) through (P7 bls ) for Output I and II by replacing C, 6" and 
(e, £ s , £', £", fit, J) by 6', 6" and (C, £ s , £', £", £ t , 3), respectively. 

Theorem 4.1.6. Fix an Input 0. Then 

(1) Every Input I satisfying (PI) through (P5 h%s ) can be extended to an Output I satisfying (PI) 
through (P5 bis ). 

(2) For given Input I, II satisfying (PI ) through (Pt is ) and given Output I extending Input I and 
satisfying (PI) through (P5 bls ), there exists an Output II extending Input II and satisfying (P6), 
(PI), (P7 bis ). 

Output I will be accomplished in §4.2. Output II and the proof of properties (PI) through (P7 bls ) will 
be accomplished in §4.3. 

Variant 4.1.7. Let us introduce a variant of DESCENT. In Input 0, we let £' = £", s' — > s" be a 
degenerate edge, L' — L", and ignore (10). In Input II, we also ignore the trace map for £' and property 
(P7 bls ). In particular, (P5) and (P5 bls ) coincide. Theorem 4.1.6 for this variant still holds and will be 
applied to (higher) Artin stacks. 

Remark 4.1.8. 

(1) If the only goal is to extend gEO and e EO^, the statement of Theorem 4.1.6 (1) can be made 
more compact: every Input I satisfying properties (P2), (P4), and (P5) can be extended to an 
Output I satisfying (P2), (P4), and (P5). This will follow from our proof of Theorem 4.1.6 in 
this chapter. 

(2) The Output I in Theorem 4.1.6 (1) is unique up to equivalence. More precisely, we can define 
a simplicial set K classifying those Input I that satisfy (P2) and (P4). The 0-cells of K are 
triples ( e EO, e EOl, /i), where h is the equivalence in (P2). Similarly, let K' be the simplicial 
set classifying those Output II that satisfy (P2) and (P4). Then the restriction map K 1 — > K 
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satisfies the right lifting property with respect to <9A™ C A™ for all n > 1. One can show this 
by adapting our proof of Theorem 4.1.6. Moreover, in all the above, h can be taken to be the 
identity without loss of generality. 
(3) The Output II in Theorem 4.1.6 (2) is also unique up to equivalence. More precisely, let us fix 
an Output I extending Input I and satisfying (P2) and (P4). Since 6" C C" is right anodyne, the 
restriction map 

Map e „ x£ „ op (e" x £"°P,Une„ x£ „ op (g„EO^ T )) -> Map e „ x£ „ op (e" x £"^,Un e , x£ „ P ( e ,EO^ T )) 

is a trivial fibration. Fix a section of Un e „ x£ „ op ( e ,/EOg T ) extending the original one, and an 
assignment of ^-structures for the Input satisfying (P6). Then there exists a unique extension 
to the Output satisfying (P6). Moreover, for every assignment of traces for the Input satisfying 
(P7) (resp. (P7 bls )), there exists a unique extension to the Output satisfying (P7) (resp. (P7 bls )). 
Note that the trace map is defined in the heart, so that no homotopy issue arises. 

Definition 4.1.9. For a morphism /: Y — > X locally of finite type between algebraic spaces, we define 
the upper relative dimension of / to be sup{dim(Y" Xx Spec 57)} 6 ZU {— oo,+oo} [4, 04N6], where the 
supremum is taken over all geometric points Specie — > X. We adopt the convention that the empty 
scheme has dimension — oo. 

Example 4.1.10. The initial input for DESCENT is the following: 

• 6 = N(Sch qs ). It is geometric and admits SpecZ as a final object. 

• 6 = N(Sch qcscp ), and s' — > s" is the unique morphism SpecZ[L _1 ] — > SpecZ. In particular, 

e' = e and e' = e. 

• £ s is the set of surjective morphisms. 

• £' is the set of Stale morphisms. 

• £" is the set of smooth morphisms. 

• £^' is the set of smooth morphisms of pure relative dimension d. 

• £ t is the set of morphisms that are flat and locally of finite presentation. 

• 5F is the set of morphisms locally of finite type. 

• JZ = N(3lind op ), JO' = N(3Und t °P), and L" = N(ftindL P tor ). 

• dim + is the (function of) upper relative dimension (Definition 4.1.9). 

• e /EO is (3.5) (in its equivalent form), and gEO^ is (3.8). 

• ST = S 2 Ti is defined in Definition 3.3.1. 

• r D{X 1 A) is endowed with its usual ^-structure recalled in Definition 3.3.1. 

• The trace maps are the classical ones as recalled in Remarks 3.3.2 and 3.3.4. 

The properties (PI) through (P7 bls ) are satisfied: 
(PI) This is Lemma 2.2.5. 

(P2) This follows from our construction. In fact, the two maps are equal in this case. 

(P3) This is obvious. 

(P4) This is Proposition 3.3.5. 

(P5) This follows from Lemma 4.1.11 below. Part (1) of (P5), namely etale base change, is trivial. 
(P5 bls ) This follows from Lemma 4.1.11. Part (1) of (P5 bls ) is smooth base change. 

(P6) (1) follows from [30, 1.3.4.21]. (2) and (3) are obvious. 

(P7) This has been recalled in Remarks 3.3.2 and 3.3.3. 
(P7 bls ) This has been recalled in Remark 3.3.4. 

Lemma 4.1.11. Assume (PI). Then (P5) holds. Moreover, part (2) of (P5) holds without the assump- 
tion that p is also in £'. 

Similarly, (P7 bls ) implies that (P5 bls ) holds without the assumption that p is also in £". 

Proof. We denote by p* (resp. q*) a right adjoint of p* (resp. q*) and by f (resp. g ) a right adjoint of 
f\ (resp. g\). 
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(1) By (P7), /* and g* have left adjoints. Moreover, the diagram 
(4.5) f*p* (dim /) s- q m g* (dim /) = q*g* (dim /) 



/ ! /l/*P*(dim/) ^ f f,q*g* (dim /) s- fp„g,g* (dim f) - > q*g' g\g* (dim f) 




Ti 



Tr„ 



fp* 




■ q*9' 



is commutative up to homotopy. It follows that the top horizontal arrow is an equivalence. 
(2) Since the diagram 



: q*f* (dim f) g*p* (dim /} 



q*f*(dimf) 



q*f ' f\f* (dim f) ^ g p*f,J* (dim f) ^ g g { q* f* (dim f) g g\g*P* (dim /) 




Tit 



Tr„ 




gp 



gp 



is commutative up to homotopy, the bottom horizontal arrow is an equivalence. 



□ 



4.2. Construction. The goal of this subsection is to construct the maps g/EO and gEO^ of Output I 
in §4.1. We will construct Output II and check the nine properties (PI) - (P7 bls ) in the next section. 

Let us start from the construction of g,EO. Let 3? C J n C be the set of morphisms that are 
representable in C. We have successive inclusions 



(4.6) 



Fun(A\e')^ ei) o, er C Fun^eO^g,.. C Fun(A 1 , *g, )( , g,- 



We proceed in two steps. The first step extends e /EO to the map g/EO with the source 
<5* {2} Fun(A\eO^- 



Step 1. An n-cell a n of 5* {2} Fun(A 1 , C')^,^ is given by a functor a: A™ x (A") op -> Fun(A 1 , e n 
We define Cov(cr) to be the full subcategory of 



Fun(A™ x (A n ) op x N(A^), Fun(A 1 , 6')) 



x, 



' Fun(A" x (A™)"" x {0},Fun(A 1 ,e')) 

spanned by functors <j° : A" x (A n )°P x N(A° P ) -> Fun(A 1 , &) such that 

• for every objects of A™ x (A m )°P, the restriction cr° | A^')> x N((A|°)°p) is given by a 
square 



(4.7) 



\rl,] yl,J 

r o *" A o 

fi,j 

Yl'i > X % _l{ 

where / lJ and g 1 ^ are atlases; 

• a is a right Kan extension of a° | A< n > x (A") op x (Af °) op U A" x (A") op x {0}. 
In particular, objects a of Cov(ct) satisfy 

• for every object of A" x (A n )° p , a \ Al&M x N(A° P ) is a Cech nerve of (4.7). 
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The oo-category Cov(er) is nonempty by Input (4) and (5), and admits product of two objects. 
Indeed, for every pair of objects (T° and a\ of Cov(cr), 

(of x <r%)(i,j, [k]) ~ (r°(i,j, [k]) x CT(iJ ) [k]). 

Therefore, by Lemma 1.1.1, Cov(er) is a weakly contractiblc Kan complex. 
The restriction functor 

Cov(a„) -> Fun(N(A op ) x A" x (A") op , Fun(A 1 , 6')). 

induces a map 

CovK)° p -> Fun(N(A),Fun(A", < 5 2 * i{2} Fun(A 1 ,e')^ t ne;)o,e r ))- 
Composing with the map e /EO, we obtain a map 

4>{a n ): Cov(ct„)° p -> Fun(N(A),Fun(A",Fun(£',Mon^ t (eat oc )))). 

Let % C Fun(N(A + ),Fun(A",Fun(£',Monyf 8t (eat 00 )))) be the full subcate gory spanned by those 

functors F: N(A+) -s> Fun(A™, Fun(£', Mon^ 3 * (Catoo))) which are right Kan extensions of F | N(A). 
Consider the following diagram 

tt(tr n ) Cov( f 7„)°P 

>») 

3C — Fun(N(A), Fun(A", Fun(£', Mon^ (Catoo)))) 



Fun(A™, Fun(£', Mon^ (Catoo))), 

where the upper square is Cartesian, and res2 is the restriction to {0}. Let $(cr„) = res2 o res^(cr n ). It 
is easy to see that the above process is functorial so that the collection of &(a n ) defines a morphism $ 

in the category (Set a) x ,Gl 

Lemma 4.2.1. The map $(cr„) tafces vaZues in Map tt ((A n ) b ,Fun(X:',Monyf st (eat 00 ))^. 
Let X_! be an object of C and let Cov(X_ 1 ) be the full subcategory of 

Fun(N((A+n,e') x^ n({0}) g o {X^} 

spanned by functors which are Cech nerves of atlases of X_\. By construction, the definition of 
Momp f at (Catoo), and (P2), to prove Lemma 4.2.1, it suffices to show that for every morphism a 
of Cov(X_i), considered as a functor A 1 x N(A^ P ) — > &, and every right Kan extension F of 
Fun(£',G) o e /EO^ o (cr° | A 1 x N(A°p))°p, F | (A 1 x {0})°? is an equivalence in Tr^. We first prove a 
technical lemma. 

Lemma 4.2.2. Letp: C — > D be a categorical fibration of oo- categories. Let c" : N(A+) x N(A + ) — > G 
be an augmented bicosimplicial object of 6. For n > —1, let c n ' = c" | {[n]} x N(A + ) and c' n = 
c" | N(A + ) x respectively. Assume that 

(1) c" is a p-limit of c" | N(A ++ ), where A ++ C A + x A + is the full subcategory spanned by all 
objects except the initial one. 

(2) For every n>0, c nm is a p-limit of c nm | N(A). 

(3) For every n > 0, c' n is a p-limit of c' n | N(A). 
Then 

(1) c~ u is a p-limit of c~ u | {0} x N(A). 

(2) c'- 1 is a p-limit of c'' 1 j N(A) x {0}. 

(3) c" | N(A + ) diag is a p-limit of c" | N(A) diag , where N(A + ) diag C N(A+) x N(A+) is the image 
of the diagonal inclusion diag: N(A + ) — ^ N(A + ) x N(A + ) and N(A) d i ag is defined similarly. 
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Proof. (1) We apply (the dual version of) [29, 4.3.2.8] to p and N(A + x A) C N(A ++ ) C N(A+ x 
A + ). By (the dual version of) [29, 4.3.2.9] and assumption (2), c" | N(A x A+) is a p-right 
Kan extension of c" | N(A x A). It follows that c" | N(A ++ ) is a p-right Kan extension of 
c" | N(A + x A). By assumption (1), c" is a p-right Kan extension of c" | N(A ++ ). Therefore, 
c" is a p-right Kan extension of c" | N(A + x A). By [29, 4.3.2.9] again, c" 1 ' is a p-limit of 
c~ u | {0} x N(A). 

(2) This follows from conclusion (1) by symmetry. 

(3) We view (A x A)" 3 as a full subcategory of A + x A + by sending the cone point to the initial 
object. By [29, 4.3.2.7], we find that c" | (A x A) 4 is a p-limit diagram. By [29, 5.5.8.4], the 
simplicial set N(A)°p is sifted [29, 5.5.8.1], i.e., the diagonal map N(A) *> -» N(A) *> x N(A)°p 
is cofinal. Therefore, c" | N(A + )di ag is a p-limit of c" | N(A)di ag - 

□ 

Proof of Lemma 4-2.1. We show the assertion in the remark following the statement of Lemma 4.2.1. Let 
a: X° — > Xl be a morphism of Cov(X_i). Let X% be an object of Cov(X_i). Then we have a diagram 




Here products are taken in Cov(X_i). Thus it suffices to show the assertion for the projection X, x X' t — > 
X' m: where X, and X' % are objects of Cov(X_ 1 ). 

Let Y,. : N(A° P ) x N(A^) 6' be an augmented bisimplicial object of 6' such that 

• Y-u = x', = x. 

• y.» is a right Kan extension of YL-i. U F._i. 

Let 8: [1] x A+ p -4 A+ p x A+ p be the functor sending (0, [n]) (resp. (1, [n])) to ([n], [n]) (resp. ([-1], [n])). 
It suffices to show the assertion for Y„ oN(<J), which follows from Lemma 4.2.2 by taking p to be Tr^. — > * 
and c" to be a right Kan extension of Fun(£', G) o e *EO^ o (Y.. | N(A° p + ))°*>. Assumptions (2) and (3) 
of Lemma 4.2.2 are satisfied thanks to (P4). □ 

Since resi is a trivial fibration [29, 4.3.2.15], N(<7„) is weakly contractible. By Lemma 4.2.1, we can 
apply Lemma 1.2.2 to K = 6* {2} Fun(A\ 6')^^ . K> = ^2,{2} Fun ( Al , ^("ne'^.e;- > the inclusion 
g: K' — > K and the section v given by e /EO. This extends e 'EO to a map 

(4.8) g^EO : 5* {2} Fun(A\ Fun(£', Mon^Cat^)). 

Step 2. Now we are going to extend g^EO to 5* {2} Fun(A 1 , S')?^*g, )0 g/^- An "-cell of 
<5* {2} Fun(A 1 ,e')(| r *g, )0 gM is given by a functor ? n : A" x (A n ) op -4 Fui^A 1 ,^). We define Kov(? n ) to 
be the full subcategory of 

Fun (A™ x (A") op x N(A^), Fun(A 1 , 6')) x BW A»x(A-).-x { B},Fun(A 1 ,&)) M 
spanned by functors <r°: A" x (A n ) op x N(A° P ) -4 Fun(A 1 , 6') such that 

• for every object of A™ x (A n )° p , the restriction ?° | A^> x N((A^°) op ) is given by the 
square 

(4.9) Y^ ^ 



Ylf X l l\ 



where / t,J ' and g 1 ^ are morphisms in £ s n £' fl 3i; 



is a right Kan extension of | A" x (A^)°p x N((At°)° p ) U A" x (A n )°P x {0}; 
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• the restriction ? ° | A" x (A n ) op x {[0]} x A 1 corresponds to an rc-cell of 6* {2} Fun(A\ e')^ a rt g,^ . 

In particular, objects of Kov(?„) satisfy 

• for every object of A™ x (A")°p, <t° | A« l >^> x N(A+ P ) is a Cech nerve of (4.9). 

Similarly to Cov(cr), the oo-category Kov(c:„) is nonempty and admits product of two objects. Therefore, 
by Lemma 1.1.1, Kov(<^„) is a weakly contractible Kan complex. 
The restriction functor 

Kov(<r n ) -> Fun(N(A op ) x A" x (A n ) op , Fun(A 1 , 6')) 

induces a map 

Kov(? n ) -> Fun(N(A°P),Fun(A",<5 2 * {2} Fun(A 1 ,e') c 3 , a l ; t e r )). 
Composing with the map g/EO, we obtain a map 

: Kov(^) ^Fun(N(A°P),Fun(A",Fun(£',Mon^(eat oc )))). 

Let 3C' C Fun(N(A7),Fun(A",Fun(£',Mon^ , (eat 00 )))) be the full subcategory spanned by those 

functors F; N(A° P ) -> Fun(A™, Fun(£', Mon^' (Cat^))) which are left Kan extensions of F | N(A op ). 
Consider the following diagram 



N(? n ) " Kov(Cn) 



res*0(?„) 



roc, q)„L 

DC »- Fun(N( A°P), Fun(A", Fun(£', Mon^ Bt (Cat^)))) 



Fun (A", Fun(£', Mon^ (Cat^))), 

where the upper square is Cartesian, and let = res2 o res^0(<j„). It is easy to see that the 

above process is functorial so that the collection of <5(Sn) defines a morphism $ in the category 

,n , \(^<S* , FunlA 1 g'icart )° P 

(Set a) 2 ' {2} ( °'^' ■ 

Lemma 4.2.3. The map ia&es values in Map B ((A") b , Fun(£', Monjf at (eat 00 )) 1 '). 

Proof. Let l?EOf be the composition 

S l{2}^% ^{2}Fun(A 1 ,e') c 3 , a o r . t g r Fun(£',Mon^ (Cat*,)) Fu ^ £ '^^\ p un (£' ) y r L )) 

where the first map is induced by £ appearing in Input I. Let X. : N(A^f) — > C be an augmented 
simplicial object such that X, is the Cech nerve of /: Xq — > X-% and / is in £ s n £ n 3?. By the 
construction of $(<r n ), it suffices to show that R o X. is a left Kan extension of i? o X, | N(A op ). Here 
R = g^EOr i C'jj is the restriction to direction 1. Choose an object X' t of Cov(X_i) and form a bisimplicial 
object Y„ : N(A° P x A+ p ) -> & as in the proof of Lemma 4.2.1. Applying ~?EO to Y„, we obtain a 
diagram \*» '■ N(A t J p ) x N(A + ) — > CPr^. By the construction of g^EO, Xn» is a limit diagram for n > — 1. 
By (P4), x»n is a colimit diagram for n > 0. Therefore, by (P5) (2) and [30, 6.2.3.19] applied to the 
restriction x»* I N(A° P + ) x N(A S . + ), Ro X, = x«-i is a colimit diagram. In the last sentence, we use 
[29, 6.3.5.7] twice. □ 

Since resi is a trivial fibration, N(<r„) is weakly contractible. By the previous lemma, we can apply 
Lemma 1.2.2 to K = 5* 2 {2} Fun(A\ e')^g, , K> = 5* {2} Fun(A\ C% art g r , the inclusion g: K> -> 

K and the section v given by g/EO. This extends g^EO to a map 

(4.10) g,EO : (5* {2} Fun(A 1 , e')^ r *g, )0 g, r -> Fun(£', Mon^ (Cat^)). 
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Proof of 4.1.1. The proof is similar to Step 1 above. Consider a diagram 



dA r ' 



A n 



■Fun t (e op ,D) 



Fun (e op ,D). 



Let a: (A rn ) op ^ G be an m-cell of C op . We denote by Cov(cr) the full subcategory of 

Fun((A™r x N(A7),C) x^^^yft M 

spanned by Cech nerves a : (A m ) op x N(A+ P ) -> 6 such that ct° | (A m ) op x N(A°p) factors through 6, 

and that a | A^ x N((A^°) op ) belongs to £ and is representable in 6 for all < j < m. Since Cov(ct) 
admits product of two objects, it is a contractible Kan complex by Lemma 1.1.1. 

Let % C Fun(N(A + ), Fun(A m , D)) be the full subcategories spanned by augmented cosimplicial 
objects that are right Kan extensions of JT+ | N(A). By [29, 4.3.2.15], the restriction map 
% — > Fun(N(A), Fun(A™, 2))) is a trivial fibration. We have a diagram 



Cov{a) op 




Fun(A", Fun(N(A) x A m ,D)) 



Fun(<9A™, Fun(N(A) x A™, T>)) 



Fun(<9A™,3<:) - 

where the square is Cartesian, a is induced by F, and (3 is induced by G. Consider the diagram 

N(o-) Cov(ct)° p 



■Fun(A n ,3C) 



Fun(A n ,Fun(A m ,Ii)) 

where the square is Cartesian and res2 is the restriction to {[—1]}. Since resi is a trivial fibration, N(cr) 
is a contractible Kan complex. 

Let ^(cr) = res2 o resJ0. This is functorial in a in the sense that it defines a morphism $ in the 
category (Set A ) (Aeop) ° P . Moreover, $(<j) takes values in Map J ((A m ) b , Fun(A™, D)^). In fact, this is 
trivial for n > and the proof of Lemma 4.2.1 can be easily adapted to treat the case n = 0. Applying 
Lemma 1.2.1 to $ and a = G, we obtain a lifting F: A n -> Fun(e op , D) of F extending G. 

It remains to show that F factorizes through Fun £ (C op , D). This is trivial for n > 0. For n = 0, we need 
to show that every morphism /: Y — >• X in £ is of F-descent, where we regard F as a functor G op — > D. 
Let u : X' — ^ X be a morphism in £ with X' in C, and v be the composite morphism Y'^-YxxX'^Y 
of the pullback of u and a morphism w in £ with Y 1 in C. This provides a diagram 




where u and v are in £ and /' is in £. Then /' and u are of -F-descent by construction. It follows that / 
is of F-descent by Lemma 3.1.2 (3), (4). □ 



Applying Proposition 4.1.1 to £ = £ s n £", we obtain pEO^ satisfying the first requirement of (P4). 
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4.3. Properties. We construct Output II and prove that Output I and Output II satisfy all required 
properties. 

Lemma 4.3.1 (PI). The map gEO^ sends small coproducts to products. 

Proof. Since C is geometric (Definition 4.1.3), small coproducts commute with pullbacks. Therefore, 
forming Cech nerves commutes with the disjoint union. Then the lemma follows from the construction 
of gEO^ and the property (PI) for e EO^. □ 

Lemma 4.3.2 (P2). The map Fun(£', pf) o Fun((A 1 )°P, (gEO^ | G' op )) is equivalent to g,EO* f) which is 
defined by a formula similar to (4.4). 



Proof. Using the arguments at the end of §4.2, one shows that both maps belong to 

Fun £Bn£ " ne ' 1 (e op ,Monyf Bt (eat 00 )) (see also the proof of (P4)). Moreover, their restrictions to G° p 
are equivalent, by (P2) for the Input. It then suffices to apply Proposition 4.1.1. □ 

Lemma 4.3.3 (P3). The functor f* is conservative for every f : Y — > X in £ s . 
Proof. We may put / into the following diagram 




where u is an atlas, Y is in C and g is in £ s . Then we only need to show that v* o /*, which is equivalent 



to /' 



is conservative. By [30, 6.2.4.2 (3)], u* is conservative, and /'* is also conservative by the 



original (P3). Therefore, /* is conservative. □ 

Proposition 4.3.4 (P4). Let f : Y — > X be a morphism ofC. Then 

(1) / is of universal gEO^- descent if f is in £ s f~l £". 

(2) / is of universal g/EOt- codes cent if f is in £ s n £" fl C^. 

Although the first part has already been proved in Proposition 4.1.1, we will write the proof for both 
since they are same. 

Proof. By construction, the assertions are true if / is an atlas. Moreover, by the original (P4), the 
assertions are also true if / is a morphism of C. In the general case, consider a diagram 




where u is an atlas and /' is in £ s n £". For example, we can take v to be an atlas of Y Xx X'. The 
proposition then follows from Lemma 3.1.2 (3), (4) and dual statements. □ 

We will only check (P5), and (P5 bls ) follows in the same way. 
Proposition 4.3.5 (P5). Let 

W — — Z 




be a Cartesian diagram of C with f in £', and X be an object of L' . Then 
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(1) The square 

(4.11) V(Z,\)^—V(X,\) 

a' r 
D(W,X)^—D(Y,X) 

has a right adjoint that is a square of CPr^ . 

(2) If p is also in £', the square 

(4.12) D(X, A) -<J- — D(Y, A) 

v* i* 
D(Z,X)^—D(W,X) 

is right adjointable. 

We first prove a technical lemma. 

Lemma 4.3.6. Let K be a simplicial set and p: K — > Fun(A 1 x A 1 , Catoo) be a diagram of squares of 
oo- categories. We view p as a functor K x A 1 x A 1 — » Catoo- If for every 1-cell a: A 1 — >• K X A 1 , the 
induced square po (cr x idAi) : A 1 x A 1 -> Catoo is right adjointable (resp. left adjointable) , then the limit 
square lim(p) is right adjointable (resp. left adjointable). 

Proof. Let us prove the right adjointable case, the proof of the other case being essentially the same. 
The assumption allows us to view p as a functor p' : K -4 Fun(A 1 , Fun RAd (A 1 , Catoo)) [30, 6.2.3.16]. By 
[30, 6.2.3.18] and (the dual version of) [29, 5.1.2.3], the oo-category Fun(A 1 , Fun RAd (A 1 , Catoo)) admits 
all limits and these limits are preserved by the inclusion 

Fun(A 1 ,Fun RAd (A 1 , Catoo)) C Fun(A 1 , Fun(A 1 , Catoo)). 

Therefore, the limit square l^im(p) is equivalent to ^im(p') which is right adjointable. □ 

Proof of Proposition 4-3.5. (1) It is clear from the construction and the original (P5) (1) that both 
/* and g* admit left adjoints. Therefore, we only need to show that (4.11) is right adjointable. 
By Lemma 4.3.6, we may assume that / is in £'. Then it reduces to show that the transpose of 
(4.11) is left adjointable, which allows us to assume that p is a morphism in C, again by Lemma 
4.3.6. Then it follows from the original (P5) (1). 
(2) By Lemma 4.3.6, we may assume that p is in £'. Then p* and q* admit left adjoints. Therefore, 
we only need to prove that the transpose of (4.12) is left adjointable, which allows us to assume 
that / is also in £', again by Lemma 4.3.6. Then it follows from the original (P5) (2). 

□ 

Next we define the i-structure. Let X be an object of C and A be an object of L. For an atlas 
/: X -> X, we denote by T>f°(X,\) C D{X,\) (resp. Dj"{X 7 X) C D(X,A)) the full subcategory 
spanned by complexes J£T such that f*J(f is in D-°(Xo, A) (resp. D-°(Xq, A)). 

Lemma 4.3.7. We have 

(1) The pair of subcategories (T)j (X, A), Dj°(X, A)) determine a t-structure on D(X,X). 

(2) The pair of subcategories (Dj°(X, A), Dj°(X, A)) do not depend on the choice of f . 

In what follows, we will write (D^°(X, A), D^°(X, A)) = {Dj°[X, A), T>j°(X, A)) for an atlas /. More- 
over, if X is an object of C, then the new t-structure coincides with the old one since idx ■ X — > X is an 
atlas. 
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Proof. 



(1) Let /. : A. — >■ A be a Cech nerve of /o = /. We need to check the axioms of [30, 1.2.1.1]. 
To check axiom (1), let Jf be an object of T>j°(X, A) and Jzf be an object of Dj (X, A). By (P6) 
for the input and Proposition 4.3.4 (1), we have equivalences 



Hom(jr,J^) ~ Hom(JT, lim /„,/* 



lim Hom(/*Jf, /*Jgf) = 0. 

n£A 



Axiom (2) is trivial. By (P6) for the input, we have a cosimplicial diagram p: N(A) — > 
Fun(A 1 , Catoo) sending [n] to the functor D(X n , A) Fun(A 1 x A 1 , D{X n , A)) that corresponds 
to the following Cartesian diagram of functors: 



-<0 







id 



_>i 



where and r^ 1 (resp. idx n ) are the truncation functors (resp. is the identity functor) of 
D(X n , A). Axiom (3) follows from the fact that Um(p) provides a similar Cartesian diagram of 
endofunctors of 1>(X, A). 

(2) By (1), it suffices to show that for every atlas /': X' -4 A, I>j (A, A) = Dj?(X, A). Let JT be 



an object of Dj°(X, A) and form a Cartesian diagram 




X ^^X. 

By (P6) for the input, g* and g'* are i-exact, so that 

g*T- x f*X ~ T- x g*j'*X ~ T- l g'*f*je ~ g'*T- x f*X = 0. 

Since g* is conservative by (P3) for the input, r- 1 /'*^ = 0. In other words, f*Jfc belongs 
to D^°(A^,A). Therefore, Dj°(A,A) C Dj,°(X,A). By symmetry, Dj (A,A) D Vf"(X,X). It 
follows that D|°(A, A) = Dj,°(A, A). 

□ 

Parts (1) and (2) of (P6) are obvious from the constructions. 

Lemma 4.3.8 (P6 (3)). For every morphism f : Y — >• A o/ 6, /* is t-exact with respect to the above 
t-structure. 



Proof. Put / : V — >• X into a diagram 



A' 



y 



A 



where u, w are atlases. Then the assertion follows from the definitions and the fact that /'* is i-exact. □ 

Finally we construct the trace maps. We will construct the trace maps for £t and check (P7). Con- 
struction of the trace maps for £ and verification of (P7 bls ) are similar and in fact easier. 



Lemma 4.3.9. There exists a unique way to define the trace map 

>f,X Y (d)^X x , 

for morphisms f : Y — > A in 3i H £t H 6" and integers d > dim + (/) 7 satisfying (P7) (1) and extending 
the input. In particular, for such a morphism f, fiXyid) is in D-°(A, A). 



Tr /: r^ 
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Proof. Let 
(4.13) 



be a Cartesian diagram in C", where xq and hence yo are atlases. Let N(A < J P ) x A 1 — > G" be a Cech 
nerve, as shown in the following diagram 

(4.14) 





We call such a diagram a simplicial Cartesian atlas of /. We have dim + (/„) = dim + (/). By g,EOT, we 
have 

x* flX Y (d) ~ hybrid) ~ foiX Y (d) £ T>- Q (X, A), 

which implies that f\X Y (d) is in D-°(X, A) by the definition of the i-structure. The uniqueness of the 
trace map follows from condition (2) of Remark 3.3.2 applied to the diagram (4.13) and (P3) applied to 

X . 

For n > 0, we have trace maps Tr/ n : t-° f n \\Y n (d) — > Ax„- By condition (2) applied to the squares 
induced by /., r-°a;,*Tr^ is a morphism of cosimplicial objects of {X, A). Taking limit, we obtain 

Jim T-°a; n *Tr/ n : hm T- Q x n *T-° f n \ X Yn (d) — > hjm T-°x n *Xx n — Ax- 

However, the left-hand side is isomorphic to 

hm t-° 'x w t- q fnWnXy (d) ~ Jim r-°x„, t T- a;* f\X Y (d) ~ hm t-° x^x^t- f\X Y {d) ~ r-°f\X Y {d). 

n£A nGA n£A 

Therefore, we obtain a map Tr/. : T-°f\X Y (d) — > Ax- 

This extends the trace map of the input. In fact, for / in C", by condition (2) applied to (4.14), Try. 
can be identified with Jhn ngA x„*a;* Try. Moreover, condition (2) holds in general if one interprets Try 
as Tr/ # and Try/ as Try/, where is a simplicial Cartesian atlas of /', compatible with /.. In fact, by 
condition (2) for the input, the bottom square of the diagram 



i*Tr f 



it* A 



T^f(X Y ,(d) 




hm 



-<o„/ 



111 r '''-^/n!^. 




- <0 t' 
- ^n* A X' 



is commutative, where all the limits are taken over n e A. Since the vertical squares are commutative, 
it follows that the top square is commutative as well. The case of condition (2) where u is an atlas then 
implies that Try. does not depend on the choice of /.. We may therefore denote it by Try. 

It remains to check conditions (1) and (3) of Remark 3.3.2. Similarly to the situation of condition (2), 
these follow from the input by taking limits. □ 
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Lemma 4.3.10. If f: Y — > X is in 31 n £^' D C", the induced natural transformation 

f*(d) = idy o f*(d) -> / ! o /, o /*(d> /' 
is an equivalence, where the first arrow is given by the unit transformation. 

Proof. Consider diagram (4.14). We need to show that for every object Jff of D(X, A), the natural map 
f*Jf(d) — > fj{f is an equivalence. By Proposition 4.3.4 (1), the map Jtf — > ^ m „ cA u n ^u^J(f is an 
equivalence. Moreover, f preserves small limits, and, by (P5 bls ) (1), so does /*, since / is smooth. 
Therefore, we may assume J(f = iE n *_§f, where Jz? £ "D(X n , A). Similarly to (4.5), the diagram 

f*x n *J?(d) ^y n *f*J?(d) 




f X n *J£ Vn*] 

is commutative up to homotopy. The upper horizontal arrow is an equivalence by (P5 bls ) (1), the lower 
horizontal arrow is an equivalence by g,EOf, and the right vertical arrow is an equivalence by (P6) for 
the input. It follows that the left vertical arrow is an equivalence. □ 

Lemma 4.3.11 (P7 (1)). There exists a unique way to define the trace map 

Tr /: T^f\ Y (d) -> A x , 

for morphisms f : Y —> X in £t H 6" and integers d > dim (/), satisfying (P7) (1) and extending the 
input. In particular, for such a morphism f , f\X Y (d) is in D-(X, A). 

Proof. Let Y, : N(Aj?) — > C' be a Cech nerve of an atlas yo : Yq — >• Y, and form a triangle 

(4.15) Y 

Y. *-X 

For n > 0, /„ is in 3? n £t n 6". By Proposition 4.3.4 (2), we have equivalences 

lim f n <y' n X Y ^ lim }\y n \y n \ Y ^ f\ Inn W^Ay 4 /iAy. 

Since y n is in 3i n £ H C", by Lemmas 4.3.10 and Remark 4.1.5 (4), we have equivalences 
lim f n \\ Yn {d + dimy„) ~ lim / n !y*Ay(d + dimt/ n ) A lim f n \y n X Y {d). 

neA°P riGA°P n£A°P 

Combining the above, we obtain an equivalence lim £Aop fn\^ Yn (d + dimy n ) f\X Y (d). By Lemma 
4.3.9, each f n \X Yn (d + dimy„) is in D-°(X, A). It follows that the colimit is as well by [30, 1.2.1.6]. 
Moreover, the composite map 

T-°f n \X Yn (d + dimy n } ->• lim T-°f n ]X Yn (d + dimy„) A- r-° lim f n \X Yn (d + dimy„) ^> T-°fiX Y (d) 

n£A°P n£A°P 

is induced by Tr/ n . The uniqueness of Tr/ then follows from condition (3) in Remark 3.3.2 applied to 
the triangle (4.15). 

Condition (3) applied to the triangles induced by /. implies the compatibility of 

Tr /,. : T -°fn\^ Yn (d + dim y n ) -> Ax 

with the transition maps, so that we obtain a map Tr/ # : t- f\X Y (d) — > Ax- This extends the trace map 
of Lemma 4.3.9, by condition (3) applied to (4.15) for / representable. Moreover, condition (3) holds 
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for g representable, if we interpret Try as Tr/ # and Tr^ as Tih., where h m : Y, Xy Z — > X. In fact, by 
condition (3) for representable morphisms, the diagram 

lim r - /„ , Tr g < d+dim y n ) 

lim r^°/ nl (T^g,\ z (e))(d + dim y n ) = ■ lim r^ /, Ay (d) 



lj^T^°h nl X z (d + e + dimy n ) f^ g x \ z {e)){d) >T^ Q f,\ Y (d) 

Tr/. 

h\X z (d + e) — s- Ax 

commutes, where all the colimits are taken over n 6 A op . It follows that Tr/. does not depend on the 
choice of /. . We may therefore denote it by Tr/ . 

It remains to check the functoriality of the trace map. Similarly to the above special case of condition 
(2), this follows from the functoriality of the trace map for representable morphisms by taking colimits. □ 

Proposition 4.3.12 (P7 (2)). If f;Y X is in l~l C'{, the induced natural transformation 

f*(d) = id Y o f*{d) -> f o /, o f*(d) f 
is an equivalence, where the first arrow is given by the unit transformation. 

Proof. We need to show that f*J(f{d) — > fjff is an equivalence of every object J^f of D(X, A). Let 
yo : Yo — > Y be an atlas. Since Vq is conservative by Lemma 4.3.3, we only need to show that the 
composite map 

t/o^(dim/o) A* Vq f*J^(d + dim y ) -> ylfjt{dimyo) A y' f'\^ A f Jf 

is an equivalence, where fa: Yq — > X is a composite of / and yo. However, this follows from Lemma 
4.3.10 applied to / . □ 

5. Running DESCENT 

In this chapter, we run the program DESCENT recursively to construct the theory of six operations of 
quasi-separated schemes in §5.1, algebraic spaces in §5.2, (classical) Artin stacks in §5.3, and eventually 
higher Artin stacks in §5.4. Moreover, we start from algebraic spaces to construct the theory for higher 
Deligne-Mumford stacks as well in §5.5. We would like to point out that although higher DM stacks are 
special cases of higher Artin stacks, we have less restrictions on the coefficient rings for the former. 

5.1. Quasi-separated schemes. Recall that §ch qs is the full subcategory of Sch spanned by quasi- 
separated schemes, which contains §ch qc sep as a full subcategory. We run the program DESCENT with 
the input data in Example 4.1.10. Then the output consists of the following two maps: 

(5.1) sch^EO: <5 2 * {2} Fun(A 1 ,N(Sch qs ))^o r ^ Fun(N(ttind t °£ r ), Mon^" (Cat^)), 

(5.2) g^EO* : N(Sch qs r -> Fun (N (Kind "), IPr^,) 

and Output II. Here F (resp. A) denotes the set of morphisms locally of finite type (resp. all morphisms) 
of quasi-separated schemes. 

For each object X of Sch qs , we denote by Et qs (X) the quasi-separated etale site of X. Its underlying 
category is the full subcategory of Sch q ^ spanned by etale morphisms. We denote by X qs ,ct the associated 

topos, namely the category of sheaves on Et qs (X). For every object X of §ch qc ' sep , the inclusions 
Et qc sc P(X) C Et qs (A) C Et(X) induce an equivalences of topoi X qc . scp . 6t -> X qs . 6t -4 X 6t . 

As in (3.7), the pseudofunctor Sch qs x Kind — > KingedTTopos sending (X, (S, A)) to (X^ s 6t , A) induces 
a map N(Sch qs ) x N(ftind) -> N(Kinged5 > Topos). Composing with T® (2.1), we obtain 

(5.3) s q chS E0 » : N(Sch qs )°P -> Fun(N(IRind op ), ?rjf cl ) 
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such that the restriction g^isEO^ | N(§ch qc scp ) op is equivalent to Sch qc scp EOg. By the same proof of 
Proposition 3.3.5 (1), we have the following. 

Proposition 5.1.1 (Cohomological descent for etale topoi). Let f :Y X be smooth surjective mor- 
phism of quasi-separated schemes. Then f is of universal s q c s h q!EOg -descent. 

From the above proposition and Proposition 4.1.1, we obtain the following compatibility result. 

Proposition 5.1.2. The two maps s c h qB EO^ (5.2) and g^^EO^ (5-3) are equivalent. 

Remark 5.1.3. Let A = (S, A) be an object of [Rind. Then it is easy to see that the usual ^-structure on 
D(X~ S - t , A) coincides with the one on D(X, A) obtained in the output of the program DESCENT. 

5.2. Algebraic spaces. Let £sp be the category of algebraic spaces (§0.1). It contains §ch qs as a full 
subcategory. We run the program DESCENT with the following input: 

• C = N(£sp). It is geometric. 

• C = N(Sch qs ), and s" — > s' is the unique morphism SpecZ[L _1 ] — > SpecZ. In particular, C = 6 
and & = e. 

• £ s is the set of surjective morphisms of algebraic spaces. 

• £' is the set of etale morphisms of algebraic spaces. 

• £" is the set of smooth morphisms of algebraic spaces. 

• Z!' d is the set of smooth morphisms of algebraic spaces of pure relative dimension d. In particular, 
§' = %'• 

• £ t is the set of flat morphisms locally of finite presentation of algebraic spaces. 

• 3 = F is the set of morphisms locally of finite type of algebraic spaces. 

• £ = N(^ind op ), L' = N(ftind°£), and L" = N(£indL P tor ). 

• dim + is the upper relative dimension (Definition 4.1.9). 

• Input I and II is the output of §5.1. In particular, e /EO is (5.1), and gEO^ is (5.2). 
Then the output consists of the following two maps: 

(5.4) £sp EO: <5 2 * i{2} Fun(A 1 ,N(£sp))^V "> Fun(N(^ind t ° p r ), Mon^ (Gat*,)), 

(5.5) £sp EO^ : N(£sp)<*> -> Fun(N(^ind^), Tr s L ® ,) 

and Output II. Here F (resp. A) denotes the set of morphisms locally of finite type (resp. all morphisms) 
of algebraic spaces. 

For each object X of £sp, we denote by Et esp (X) the spatial etale site of X. Its underlying category 
is the full subcategory of £sp i x spanned by etale morphisms. We denote by X esp .st the associated topos, 
namely the category of sheaves on Et esp (X). For every object X of Sch qs , the inclusion of the original 
etale site Et qs (A) of X into Et esp (A) induces an equivalence of topoi A esp .et — ► A qs .6t. 

As in 5.1, we have a map 

(5.6) CSP £ 'pEO« : N(£s P r -> Fun(N(3iind P), 3^fJ 

such that the restriction esp 'gpEO^ |N(§ch qs ) op is equivalent to Sch <isEO^. Moreover, we have the following 
results. 

Proposition 5.2.1 (Cohomological descent for etale topoi). Let f : Y — >• X be a smooth surjective 
morphism of algebraic spaces. Then f is of universal CS g'gpEO^ -descent. 

Proposition 5.2.2. The two maps £sp EO^, (5.5) and cs £ 'spEO^ (5.6) are equivalent. 

Remark 5.2.3. Let A = (S, A) be an object of 3?ind. Then the usual i-structure on 2)(Xp Sp 6t , A) coincides 
with the one on 2)(X, A) obtained in the output of the program. 

In our construction of the map (3.5) in §3.2, the essential facts we used from algebraic geometry 
are Nagata's compactification and proper base change. Nagata's compactification has been extended to 
separated morphisms of finite type between quasi-compact and quasi-separated algebraic spaces [8, 1.2.1]. 
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Proper base change for algebraic spaces follows from the case of schemes by cohomological descent and 
Chow's lemma for algebraic spaces [34, I 5.7.13] or the existence theorem of a finite cover by a scheme. 
The latter is a special case of [36, Theorem B] and also follows from the Noetherian case [26, 16.6] by 
Noetherian approximation of algebraic spaces [8, 1.2.2]. 

Therefore, if we denote by £sp qcsep the full subcategory of £sp spanned by (small) disjoint union of 
quasi-compact and separated algebraic spaces (hence contains Sch qc sop as a full subcategory), and repeat 
the process in §3.2, we obtain a map 

£spq c.YI£EO: ^ {2} Fun(A 1 ,N(£sp qc ' scp )) c F a rt A ^ -> Fun(N(^ind t p 1 .),Mon^ t (eat 00 )). 
Its restriction to ( 5; {2} Fun(A 1 , N(Sch qc sop ))^ a rt j4 ^ is equivalent to Sch qc.sepEO. 

Proposition 5.2.4. The restriction £sp EO | <5 2 |- 2 |Fun(A 1 , N(£sp qc scp ))^ a rt A ^ is equivalent to the map 

£sp qc. 3 ep£AJ. 

Proof. By Remark 4.1.8 (2), it suffices to prove that £sp qc.Y a £EO satisfies (P4). For this, we can repeat 
the proof of 3.3.5. The analogue of Remark 3.3.4 holds for algebraic spaces because the definition of trace 
maps is local for the etale topology on target. □ 

5.3. Artin Stacks. Let Chp be the (2, l)-category of Artin stacks (§0.1). It contains £sp as a full 
subcategory. We run the simplified DESCENT (see Variant 4.1.7) with the following input: 

• C = N(Chp). It is geometric. 

• C = N(£sp), and s" — >■ s' is the identity morphism of SpecZ[L -1 ]. In particular, C = C" = 
N(£sp L ) (resp. C' = G" = N(Chp L )), where £sp L (resp. Chp L ) is the category of L-coprimc 
algebraic spaces (resp. Artin stacks). 

• £ s is the set of surjective morphisms of Artin stacks. 

• £' = £" is the set of smooth morphisms of Artin stacks. 

• £^' is the set of smooth morphisms of Artin stacks of pure relative dimension d. 

• £ t is the set of flat morphisms locally of finite presentation of Artin stacks. 

• U = F is the set of morphisms locally of finite type of Artin stacks. 

• £ = N(3?ind op ), and £' = L" = N(3?ind° p tor ). 

• dim + is upper relative dimension, which is defined as a special case in Definition 5.4.4. 

• Input I and II is given by the output of §5.2. In particular, gEO^ is (5.5), and 

e EO = £sPl EO: ^ {2} Fun(A 1 ,N(£sp L )) c F a oV ^ Fun(N(3lind° p tor ), Mon^ (CaU)) 
is the map induced from (5.4) by restricting to £sp L and !Rind|_-tor- 
Then the output consists of the following two maps: 

(5.7) ehpL EO: <5* i{2} Fun(A 1 ,N(ehp L ))-oV "> Fun(N(3iind° p tor ), MonJ (Cat*,)), 

(5.8) ehp EO^ : N(Ch P r -> Fun(N(^ind op ), Tr s L ® cl ) 

and Output II. Here F (resp. A) denotes the set of morphisms locally of finite type (all morphisms) of 
Artin stacks. 

Let us recall the lisse-etale site Lis-et(A) of an Artin stack X. Its underlying category, the full 
subcategory (which is in fact an ordinary category) of Chp j X spanned by smooth morphisms whose sources 
are algebraic spaces, is equivalent to a li-small category. In particular, Lis-et(A) endowed with the etale 
topology is a li-site. We denote by Xii S _et the associated topos. Let M C N(Chp)i be the set of smooth 
representable morphisms between Artin stacks. The lisse-etale topos has enough points by [26, 12.2.2], 
and is functorial with respect to M, so that we obtain a functor Chp x 3?ind — > ^RingedCPTopos. Composing 
with T®, we obtain a functor N(Chp)^ x N(3?ind) op -> ?r^® cl sending (A, (3, A)) to 2)(Xf s _- t , A)®. 

To simplify notations, for an algebraic space U, we will write instead of C/ csp .o t in what follows. 
We let D C art ( Ajf s _ 6t , A) C T)^X^ s _ 6t ,A) be the full subcategory consisting of complexes whose cohomology 
sheaves are all Cartesian (§0.1), or, equivalently, complexes K such that for every morphism / : Y' — >• Y 
of Lis-et(A), the map f*(K \ Y&) — > (K \ Y/ t ) is an equivalence. The full subcategory is stable under 
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tensor product and contains the monoidal unit, so that it defines a symmetric monoidal oo-category 
©cart (Ajf s _ 6t , A)® ■ Replacing D(X^ s _ 6t , A)® by 2) cart (Af s _ 6t , A)® in the above functor, we obtain a functor 

^EO*:N(ehp)SxN(3Und)'* 



Cat® . 



Let M' 
map 



M n Ar(£sp). The restriction ^EO 



ehp J 



N(£sp)^, x N(D?ind) op is equivalent to the composite 



N(£sp)^, x N(ftind) c 



£sp 



EO^|N(£sp)^ ( xN(Kmd) op 



>J>r L ®, 

st.cl 



Cat! 



In order to compare ejfpEO^ and ehp EO^ more generally, we apply the following variant of Proposition 
4.1.1. 

Lemma 5.3.1. Let (C, £, be a 2-marked oo-category such that 6 admits pullbacks and £ C are stable 
under composition and pullback. Let C C C be a full subcategory stable under pullback such that every 
edge in 3 is representable in C and for every object X of C, there exists a morphism Y — » X in £ with Y 
in 6. Let CD be an oo-category such that D op admits geometric realizations. Let £ = £ n Ci, £T= Jn Gi, 
and Fun £ (e° p ,D) C Fun(e^ p ,D) (resp. Fun £ (C^ p , D) C Fun(ef,D)) be the full subcategory spanned by 
functors F such that for every edge f: Xq — > X±i in £ (resp. in t), F o (W+) op is a limit diagram 
N(A° P + ) — > D, where X,' + is a semisimplicial C'ech nerve of f . Then the restriction map 



Fun fc (e^,2)) 



Fun £ (C°?,D) 



is a trivial fibration. 

We will show, by exploiting localized lisse-etale topoi, that 



induces a functor in 



Fun £ (N(ehp)^,Fun(N(D?ind) op ,eatg ) )), where £ C M is the subset of surjective morphisms. For 
an object V — > X of Lis-et(X), we let V be the sheaf in Aii S _ct represented by V. The overcategory 



l is-ct , 



is equivalent to the topos defined by the site Lis-et(X) /y endowed with the etale topology 



[2, III 5.4]. A morphism f : U — > U' of Lis-et(A) i V induces a 2-commutative diagram 




(ATii S _ 

of topoi [2, IV 5.5]. For A 6 D^ind, we let D C art((^iis-6t) ,~, A) C D((Xu s .gt) ,y, A) be the full subcategory 
spanned by complexes on which the natural transformation /* o eu>* ° vf* —> ejj* ° u* is an isomorphism 
for all /. The full subcategory is stable under tensor product and contains the monoidal unit, so that it 
defines a symmetric monoidal oo-category D ca rt((3Ciis-et) ,y, A)®. 



We have a functor [1] x Lis-et(X) x Jimd 
the square 

\{Xlls-&) 

/. 

((An s _6t) 



IV 

ftingedlPTopos sending [1] X {/: U ->• V} X {(S,A)} to 



/v 



hi 



/v 



A) 



Composing with the functor T® (2.1), we obtain a map 

F: (A 1 )^ x N(Lis-et(A)) op x N(IRind op ) 



CPr 



st,cl" 



By construction, F([0], V, (S, A)) 



D((X lis - 6t );~,A)« 



Replacing F([0], V, (c, A)) by the full subcategory 



2 ) cart((^ii S -ct)y'~, A), we obtain a map 



pi. ( A i)o P x N (Lis-ct(A)) op x N(ftind op ) -»■ Cat® 
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sending (A 1 ) *' x {/: U -> V} x {(3, A)} to the square 



2>cart((X liB ., t )^, A)® ^— D(Ug, A)« 



r 



it, 



2)c art ((X lis -ct);~,A)^ + (^f,A)®. 

Lemma 5.3.2. The 1-cell o/Pun(N(Lis-et(X)) op x N(D?ind op ), Cat® ) corresponding to F' is an equiva- 
lence. 

In particular, the map F' essentially factors through CPr^ t ® cl C Cat® . 
Proof. We only need to prove that for every object V of Lis-et(X) and every object (3, A) of ftind, 

e* v : 2)(lf ,A) -> £ cart ((X lis . 6t )=~, A) 

is an equivalence. Let Rey* be a right adjoint of e y : D(Vgj*,A) — > T>((Xn s _ct) = ~, A), and R cart ey* = 

Rey* | 2) cart ((Arii S _ct)y~, A) be the restriction. Then (e v , R cart ey*) is a pair of adjoint functors. Wc 

only need to show that the unit transformation id — > R cart ey* o e v and the counit transformation 
e v o R cart ey* — > id are natural equivalences. However, this can be easily checked in the homotopy 
categories. □ 

Let v: V — > X be an object Lis-et(AT), viewed as a morphism in Clip. Assume that v is surjective. Let 
(3, A) be an object of IRind. 

Lemma 5.3.3. A complex K G D(Xj?_- t ,A) belongs to 2) cart (^\T 1 ^f s 6t , A) if and only if v* K belongs to 

23cart((ATli s _,5t)y~, A). 

Proof. The necessity is trivial. Assume that v*AT belongs to CD cart . We need to show that for every 
morphism /: Y' — > Y of Lis-et(X), the map f*{K \ Yet) — > {K \ YV t ) is an equivalence. The problem is 
local for the etale topology on Y. However, locally for the etale topology on Y, Y — > X factors through 
v [1, 17.16.3 (ii)]. The assertions thus follows from the assumption. □ 

Let Vm ■ N(A t j p ) — > N(Chp) be a Cech nerve of v, which can be viewed as a simplicial object of 

Lis-et(X). By Lemma 5.3.3, we can apply Lemma 3.1.3 to U, = V, and 6. = Mod C art((ATii S _6t) ~ , A). 
We obtain a natural equivalence of symmetric monoidal oo-categories 

V cm . t (Xg_ 6t ,A)® ^ lim 2) cart ((X lis .et)7~,A)®, 
neA 

functorial in (3, A). Combining this with a quasi-inverse of the equivalence in Lemma 5.3.2, we obtain 
the following result. 



Proposition 5.3.4 (Cohomological descent for lisse-etale topoi). Let X be an Artin stack, V be an 
algebraic space, and v: V — > X be a surjective smooth morphism. Then there is an equivalence in 

1 st,cli 



Fun(N(rRind op ),?r|f cl ) sending (5, A) to 



D caIt (Xf 8 ., t ,A)® ^ lim D(V£ ft ,A)« 



where V, is a Cech nerve of v. 



By construction, the above equivalence is compatible with pullback by smooth representable morphisms 
to X . Therefore, it implies the following. 

Corollary 5.3.5. Let f :Y — > X be a smooth surjective representable morphism of Artin stacks, Y, be a 
Cech nerve of f. Then the map T) cart (X^ s _ 6t , A)® — ^ lim g ^ D (Y^ lis 6t , A)® is an equivalence. 
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In other words, U |" h pEOg induces a functor in Fun £ (N(Chp)^, Fun (N (Kind) op , Cat®)). Applying 5.3.1, 
we obtain the following. 

Corollary 5.3.6. The map g^pEO^ is equivalent to the composite map 

N(Chp)^ x N(IRindr 5 ► ^ -> Cat® . 

In particular, for every Artin stack X and every object (S, A) of JUnd, we have an equivalence 
25cart(Ajf s 6t , A)® ~ T>(X, (S, A))®, and consequently © cart (-X'j? _ 6t , A)® is a closed presentable stable sym- 
metric monoidal oo- category. 

Corollary 5.3.7. Let X be an Artin stack, (S, A) be an object o/3?ind. Under the above equivalence, the 
usual t-structure on D cart (X^ s _ &t , A) corresponds to the t-structure on D(X, (S, A)) obtained in Output II. 
In particular, the heart of D(X, (2, A)) is equivalent to (the nerve of) the abelian category of Cartesian 
(Xg_ 6t ,A)-modules. 

Remark 5.3.8 (de Jong). The *-pullback encoded by ehp EO^ can be described more directly using big 
etale topoi of Artin stacks. Let W be a universe such that V belongs to W. We add a hat to a notation 
to denote the version relative to the bigger universes V and W, instead of It, and V. For example, we 
denote by KingedCPTopos the (2, l)-category of V-topoi belonging to W with enough points (cf. Notation 
2.2.4). For any Artin stack X, we consider the full subcategories £sp/ x C ehp rcp / x of Chp/ X spanned 
by morphisms whose sources are algebraic spaces and representable morphisms, respectively. They are 
ordinary categories and we endow them with the etale topology. The corresponding V-topos, namely the 
categories of V-sheaves on these sites, are equivalent, and we denote them by Xbig.et- The construction 
of ehp rop / x is functorial in X, so that we obtain a functor Clip x 3?ind — > KingedTTopos. Composing 

with T®, we obtain a functor N(Chp)°P x N(3?ind) op -> 7x\® d sending (X,(S,A)) to D(X~ ig&v A)®. 
Replacing the latter by the full subcategory T> cart (Agj g 6t , A)® consisting of complexes K such that 
f*(K | y/ t ) — > (K | i^ t ) is an equivalence for every morphism /: Y — > Y' of £sp , x , we obtain a functor 

e b «EO* : N(Ch P n x N(^ind)°P -> Srt® . 

Using similar arguments as in this section, with Lemma 5.3.1 replaced by Proposition 4.1.1, one shows 
that e ^'pEO^ is equivalent to the composition 

eo* 



N(ehp) op x N(ftind) op Chp '" 9 ) Tr^f c 



st,cl 



5.4. Higher Artin stacks. We begin by recalling the definition of higher Artin stacks. We will use the 
fppf topology instead of the etale topology adopted in [37] . The two definitions are equivalent [38] . Let 
§ch aff C Sch be the full subcate gory spanned by affine schemes. Recall that §w is the oo-category of 
spaces in We {IX, V} 7 . 

Definition 5.4.1 (Prestack and stack). We defined the oo-category of (V-)prestacks to be Chp pre = 
Fun(N(Sch aff )°P,S v ). We endow N(Sch aff ) with the fppf topology. We define the oo-category of (small) 
stacks Chp fppf to be the essential image of the following inclusion 

Shv(N(Sch aff ) fppf ) nFun(N(Sch aff ) op ,S u ) C ehp pro , 

where Shv(N(Sch aff ) fppf ) C Fun(N(Sch aff )°p, S v ) is the full subcategory spanned by fppf sheaves [29, 
6.2.2.6]. A prestack F is k-truncated [29, 5.5.6.1] for an integer n > —1, if m(F(A)) = for every object 
A of Sch a and every integer i > k. 

The Yoneda embedding N(Sch aff ) -> ehp prc extends to a fully faithful functor N(£sp) -> ehp pre 
sending X to the discrete Kan complex Hom£ sp (SpecA, X). The image of this functor is contained in 
Chp fpp . We will generally not distinguish between N(£sp) and its essential image in Chp fppf . A stack X 
belongs to the latter if and only if it satisfies the following conditions. 



^We refer to §0.5 for conventions on set-theoretical issues. 
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• It is O-truncated. 

• The diagonal morphism X — > X x X is schematic, that is, for every morphism Z->Xxl with 
Z a scheme, the fiber product Xx X xxZisa scheme. 

• There exists a scheme Y and a morphism /: Y" — > A that is (automatically schematic,) smooth 
(resp. etale) and surjective. In other words, for every morphism Z — > X with Z a scheme, the 
induced morphism Y Xx Z — > Z is smooth (resp. etale) and surjective. The morphism / is called 
an atlas (resp. etale atlas) for X. 

Definition 5.4.2 (Higher Artin stack; see [12,37]). We define fc-Artin stacks inductively for k > 0. 

• A stack A is a 0- Artin stack if it belongs to the essential image of N(£sp). 
For k > 0, assume that we have defined fc-Artin stacks. We define: 

• A morphism F' — > F of prestacks is k- Artin if for every morphism Z — > F where Z is a k- Artin 
stack, the fiber product F' x p Z is a k- Artin stack. 

• A A:- Artin morphism F' — > F is flat (resp. locally of finite type, resp. locally of finite presentation, 
resp. smooth, resp. surjective) if for every morphism Z — s- F and every atlas f:Y^F'xpZ 
where Y and Z are schemes, the composed morphism Y — >F'xpZ^Z is & flat (resp. locally 
of finite type, resp. locally of finite presentation, resp. smooth, resp. surjective) morphism of 
schemes. 

• A stack X is a (k + 1)-Artin stack if the diagonal morphism X->IxIis fc-Artin, and there 
exists a scheme Y together with a morphism / : Y — >• X that is (automatically k- Artin,) smooth 
and surjective. The morphism / is called an atlas for X. 

We denote by Chp fc_Ar C Chp fppf the full subcategory spanned by k- Artin stacks. We define higher Artin 
stacks to be objects of Chp Ar = Ufc>o Chp fe " Ar . A morphism F' — > F of prestacks is higher Artin if for 
every morphism Z —> F where Z is a higher Artin stack, the fiber product F' x p Z is a higher Artin 
stack. 

To simplify notations, we let ehp (_1) - Ar = N(Sch qs ) and ehp ( " 2) " Ar = N(Sch qc scp ), and we call their 
objects (— 1)-Artin stacks and (— 2)-Artin stacks, respectively. 

By definition, Chp°" Al and Chp 1_Ar are equivalent to N(£sp) and N(Chp), respectively. For k > 0, k- 
Artin stacks are fc-truncated prestacks. Higher Artin stacks are hypercomplete sheaves [29, 6.5.2.9]. Every 
flat surjective morphism locally of finite presentation of higher Artin stacks is an effective epimorphism 
in the oo-topos Shv(N(Sch aff )f pp f) in the sense after [29, 6.2.3.5]. A higher Artin morphism of prestacks 
is k- Artin for some k > 0. 

Definition 5.4.3. 

• A higher Artin stack X is quasi- compact if there exists an atlas /: Y — > X such that Y is a 
quasi-compact scheme. 

• A higher Artin morphism F' —> F of prestacks is quasi- compact if for every morphism Z — > F 
where Z is a quasi-compact scheme, the fiber product F' x p Z is a quasi-compact higher Artin 
stack. 

We define quasi-separated higher Artin morphisms of prestacks by induction as follows. 

• A 0-Artin morphism of prestacks F' — > F is quasi- separated if the diagonal morphism F' —> 
F' Xf F' , which is automatically schematic, is quasi-compact. 

• For k > 0, a (k + 1)-Artin morphism of prestacks F' — ► F is quasi- separated if the diagonal 
morphism F' — > F' x p F' , which is automatically k- Artin, is quasi-separated and quasi-compact. 

We say a higher Artin stack X is L-coprime if there exists a morphism X — > SpecZ[L -1 ]. This is 
equivalent to the existence of an L-coprime atlas. We denote by Chp Ar C Chp Al the full subcategory 
spanned by L-coprime higher Artin stacks. We let ehpL _Ar = ehp fc " Ar n Chp Ar . 

Definition 5.4.4 (Relative dimension). We define by induction the class of smooth morphisms of pure 
relative dimension d of /c-Artin stacks for d G Z U {— oo} and the upper relative dimension dim + (/) for 
every morphism / locally of finite type of fc-Artin stacks. If in Input of §4.1, we let j (resp. £ , £^') be 
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the set of morphisms locally of finite type (resp. smooth morphisms, smooth morphisms of pure relative 
dimension d) of fc-Artin stacks, then such definitions should satisfy conditions (6) through (9) of Input 0. 

When fc = —1, we use the usual definitions for classical schemes, with the upper relative dimension 
given in Definition 4.1.9. For k > — 1, assuming that these notions are defined for fc-Artin stacks. We 
first extend these definitions to fc-representable morphisms locally of finite type of (fc + 1)-Artin stacks. 
Let / : Y — > X be such a morphism, and X$ -H- X be an atlas of X. Let fo : Yo Xo be the base change 
of / by u. Then /o is a morphism locally of finite type of fc-Artin stacks. We define dim + (/) = dim + (/o). 
It is easy to see that this is independent of the atlas we choose, by assumption (9d) of Input 0. We 
say / is smooth of pure relative dimension d if /o is. This is independent of the atlas we choose by 
assumption (7) of Input 0. We need to check (6) through (9) of Input 0. (7) through (9) are easy and 

(6) can be argued as follows. Since /o is a smooth morphism of fc-Artin stacks, there is a decomposition 

f : Y ~ Udez^o.d — ' — > A . Let X, —> X be a Cech nerve of u, and Y.^ = Yb.d Xx A.. Then 
Ildez Y*,d — > Y is a Cech nerve of v : Yq —> Y. Let Yd — hm gAop Y n: d- Then Y ~ IJdez is the desired 
decomposition. 

Next we extend these definitions to all morphisms locally of finite type of (k + 1)-Artin stacks. Let 

/ : Y — )> X be such a morphism, and Vq : Yq = ]J deZ ^o,d ' " ^ Y be an atlas of Y such that t>o,d is 
smooth of pure relative dimension d. We define dim + (/) = sup rfeZ {dim + (/ o t>o,<j) — <%}■ We say / is 
smooth of pure relative dimension d if for every e £ Z, / o ti e is smooth of pure relative dimension d + e. 
We leave it to the reader to check that these definitions are independent of the atlas we choose, and satisfy 

(7) through (9) of Input 0. We sketch the proof for (6). Since / o w e is smooth and fc-representable, it 

(/„ e ,) 

can be decomposed as Y"o,e — il e 'ez ^o,e,e' — : — > A such that f e ^ is of pure relative dimension e . We 
let Yd be the colimit of the underlying groupoid object of the Cech nerve of II e /_ e=(i ^b.e.e' —> A. Then 
Y ~ IJdGZ — ^ X is the desired decomposition. 

It is clear that the definition of the upper relative dimension for k = coincides with Definition 4.1.9. 

Let A be the set of all morphisms of higher Artin stacks, and F C Abe the set of morphisms locally 
of finite type. For every k > 0, we are going to construct two maps 



^.ArEO : <% {2} Fun(A\ ehp^ Ar )^V Fun(N(^ind° p tor ), Moiiyf (Cat^)); 
elp -.EO* : (ehp fc - A T P -> Fun(N(3?ind^),Tr^ cl ), 



such that their restrictions to (k — 1)-Artin stacks coincide with those for the latter. 

We construct by induction. When k — —2, —1,0, 1, they have been constructed in §§3.2, 5.1, 5.2, 5.3, 
respectively. Assuming that they have been extended to fc-Artin stacks. We run the simplified DESCENT 
with the following input: 

• e = ehp (fc+1) " Ar . It is geometric. 

• 6 = eirp fc_Ar , s" -4 s' is the identity morphism of SpecZ^ 1 ]. In particular, & = 6" = Ghp^' Ar , 

and e' = e" = eh P [ fe+1) " Ar . 

• £ s is the set of surjective morphisms of (fc + 1)-Artin stacks. 

• £' = £" is the set of smooth morphisms of (fc + 1)-Artin stacks. 

• is the set of smooth morphisms of (fc + 1)-Artin stacks of pure relative dimension d. 

• £ t is the set of flat morphisms locally of finite presentation of (fc + 1)-Artin stacks. 

• 3 — F is the set of morphisms locally of finite type of (fc + 1)-Artin stacks. 

• L = N(3?ind op ), and L' = L" = N(ftind° p tor ). 

• dim + is the upper relative dimension in Definition 5.4.4. 

• Input I and II is given by induction hypothesis. In particular, e EO = ehp t-A,EO and e EO^ = 
ehp tA ' E0 8- 
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Then the output consists of two maps ehp (*+i)-ArEO, ehp (i+1) - Ar ^^® anc ^ Output II. Taking union of all 
k > 0, we obtain the following two maps 

ehp A,EO: ^ {2} Fun(A 1 ,ehp^ r ) c F a „ rt A ^ -y Fun(N(3?ind° p tor ), Moiffi (Cat*,)); 



ehp A t EO%: (Chp Ar ) op -> Fun(N(3W p ),lPr 



st,c\) 



Remark 5.4.5. In fact, ehp ArEO^ is just a right Kan extension of Sch EO^ along the full inclusion N(Sch) C 
Chp Ar of oo-categories. 

5.5. Higher Deligne Mumford stacks. The definition of higher Deligne-Mumford (DM) stacks is 
similar to that of higher Artin stacks (Definition 5.4.2). 
Definition 5.5.1 (Higher DM stack). 

• A stack A is a 0-DM stack if it belongs to the essential image of N(£sp). 
For fc > 0, assume that we have defined fc-DM stacks. We define: 

• A morphism F' — > F of prestacks is k-DM if for every morphism Z — > F where Z is a fc-DM 
stack, the fiber product F' x p Z is a fc-DM stack. 

• A k-DM morphism F' — > F of prestacks is Stale (resp. locally quasi-finite) if for every morphism 
Z — >• F and every etale atlas f:Y — > F' Xp Z where Y and Z are schemes, the composed 
morphism Y — > F' x p Z — > Z is an etale (resp. locally quasi-finite) morphism of schemes. 

• A stack X is a (k + 1)-DM stack if the diagonal morphism X — > X x X is fc-DM, and there 
exists a scheme Y together with a morphism /: Y — > X that is (automatically fc-DM,) etale and 
surjective. The morphism / is called an etale atlas for X. 

We denote by ehp fe " DM C Chp fppf the full subcategory spanned by fc-DM stacks. We define higher 
DM stacks to be objects of Chp DM = U fc > ehp k ~ DM . We put Chpf™ = Chp DM n Chp Ar , ehp^ DM = 

ehp™neh P ° M 

A morphism of higher DM stacks is etale if and only if it is smooth of pure dimension 0. 
Let A be the set of all morphisms of higher DM stacks, and F C Abe the set of morphisms locally of 
finite type. For every fc > 0, we are going to construct two maps 

ehp *- DM EO: <5 2 * {2} Fun(A 1 ,ehp' c - DM ) c F a o r V -> Fun(N(3?ind° p ), Mon^ (Cat^)); 
ap^EO*: (ehp k ' DM r -> Fun(N(3?ind op ),Tr s L t %), 

such that their restrictions to (fc — 1)-DM stacks coincide with those for the latter. The second map has 
already been constructed in §5.4, after restriction. However for induction, we construct it again, which 
in fact coincides with the previous one. 

We construct by induction. When k = 0, they have been constructed in §5.2. Assuming that they 
have been extended to fc-DM stacks. We run the program DESCENT with the following input: 

6 = ehp (fc+1) " DM . It is geometric. 

C = ehp fe " DM , s" -» s' is the morphism SpccZfL- 1 ] -> SpecZ. 
£ s is the set of surjective morphisms of (fc + 1)-DM stacks. 
£ is the set of etale morphisms of (fc + 1)-DM stacks. 
£" is the set of smooth morphisms of (fc + 1)-DM stacks. 

Z" d is the set of smooth morphisms of (fc + 1)-DM stacks of pure relative dimension d. 
£ t is the set of flat morphisms locally of finite presentation of (fc + 1)-DM stacks. 
!J = F is the set of morphisms locally of finite type of (fc + 1)-DM stacks. 
£ = N(3?ind op ), C> = N(3?ind° p ), and L" = N(D?indL P tor ). 
dim + is the upper relative dimension. 

Input I and II is given by induction hypothesis. In particular, e /EO = eh s,-dmEO, and gEO^ = 
ehpfc -D M EO^. 
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Then the output consists of two maps ejl (i + i). DM EO, ellp (Hi)-DMEO^ and Output II. Taking union of all 
k > 0, we obtain the following two maps 

eipDM EO: ( J* {2} Fuii(A 1 ,ehp DM )^a r i t A ^ -> Fun(N(3iind^ I .),Mon^ t (eat 00 )); 
ehpDM EO^ : (Chp DM )^ -+ Fun(N(^ind°P), 3>r^ cl ). 

Remark 5.5.2. We have the following compatibility: 

• The restriction ehp ArEO^ | (Chp DM ) op is equivalent to ehp DMEOg. 

• The restriction of ehp DMEO to Chpf 5 an d Kind|__tor is equivalent to the restriction of ehp A r EO 
toChp™. 

Variant 5.5.3. We denote by Q C F the set of locally quasi-finite morphisms. Applying DESCENT to 
the map § h qci?pEO constructed in Variant 3.2.6, we obtain 



^ f EO: ( 5 2 * {2} Fun(A 1 ,ehp DM ) c Q a rt A ^ -> Fun(N(^ind op ), Mon^" (Cat^)). 
eh P r 



eh P 

This map and „, dmEO are equivalent when restricted to their common domain 



Remark 5.5.4. The oo-category Chp DM can be identified with a full subcategory of the oo-category 
Sch(Sct(^)) of Set (Z)-schemes in the sense of [31, 2.3.9. 2.6.11]. The constructions of this section can be 
extended to Sch(9ct(2)) by hyperdescent. We will provide more details in [28]. 

6. Summary and complements 

In this chapter we summarize the construction in the previous chapter and presents several comple- 
ments. In §6.1, we write down the resulting six operations for the most general situations and summarize 
their properties. In §6.2, we develop a theory of constructible complexes, based on finiteness results of 
Deligne [3, Th. fmitude] and Gabber [33]. In §6.3, we show that our results for constructible complexes 
are completely compatible with those of Laszlo-Olsson [24]. In §6.4, we prove some adjointness properties 
in the Noetherian case. 

6.1. Recapitulation. Now we can summarize our construction of Grothendieck's six operations. Let 
/: y -> X be a morphisms of Chp Ar (resp. Chp DM , resp. Chp DM ) and A = (3, A) be an object of Kind. 
From ehp ArEO (resp. elip D M EO, resp. ehp ^EO) and ehp ArEO^ (resp. ehp DMEO^), we directly obtain 
three operations: 

1L: /*: D(X,A)® -> D(y, A)®; 

2L: f\ : D(y , A) — > D(X, A) if / is locally of finite type, A is in Kind|_-tor and X is L-coprime (resp. / 
is locally of finite type and A is in Kindtor, resp. / is locally quasi-finite and A is in Kind); 

3L: - <g> - = - <g>x -: 2)(X, A) x D(X, A) -» D(X, A). 
If X is a 1-Artin stack (resp. 1-DM stack), then D(X, A)® is equivalent to 2) cart (Xg s 6t , A)® (resp. 
D(Xf t ,A)®). 

Taking right adjoints for (1L) (for the underlying oo-category) and (2L), we obtain: 
1R: /.: A) -> D(X, A); 

2R: f : D(X, A) — !> D(y, A) under the same restriction as [2L]. 

For (3L), moving the first factor of the source D(X, A) x D(X, A) to the target side, we can write the functor 
— (g) — in the form D(X, A) —> Fun L (!D(X, A), 2)(X, A)), because the tensor product on D(X, A) is closed. 
Taking opposites and applying [29, 5.2.6.2], we obtain a functor D(X, A) op -> Fun R (D(X, A), D(X, A)), 
which can be written as 

3R: Hom(-, -) = Hom x ( , -) : T>(X, A) op x X>(X, A) -4 D(X, A). 
Besides these six operations, for every morphism g : A' — > A of Kind, we have the following monoidal 
functor of extension of scalars: 

Ef: D(X,A) 8 -4 D(X,A')®. 
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By construction, up to equivalences, E ff commutes with /* and E s commutes with f\ when the latter is 
defined. 

The following proposition is a direct consequence of the map ehpAr EO* (resp. ehpD MEOf). 



Proposition 6.1.1 (Base Change). Let 




be a Cartesian diagram in Chp^ r (resp. Chp DM 7 resp. Chp DM ; where p is locally of finite type (resp. 
locally of finite type, resp. locally quasi-finite). Then for every object A of :Kind|__tor (resp. Kindtor, resp. 
^RindJ, the following square 



D(W,A) ^ — D(Z,X) 



f* 



D(^, A) tr- — 2)(X,A) 



is commutative up to equivalence. 



In the following, we will often treat the cases of ehp ArEO and ehp DMEO and leave the case of ehp DMEO 



to the reader. 



Proposition 6.1.2 (Projection Formula). Let f : ^ — > X be a morphism locally of finite type of Chp^ r 



(resp. Chp ). Then for every object A o/3?indL_tor (resp. 3?ind t0 rJ; the following square 



2)(y,A) x 2)(X,A) ■ 

/,xid 

D(X, A) x D(X,A) 
is commutative up to equivalence. 
Proof. The morphism / induces a vertical 1-cell 



D(y,A) 

2)(X,A) 



/ 



y — ^x 



id;» 



of (5* {2} Fun(A 1 ,ehp^ r )^ a o rt A ^ (resp. 6* {2} Fun(A 1 , ehp DM )^ a rt A ^). Then we only need to apply G c o 
ehp A t EO (resp. G c o ehp D M EO). □ 



Proposition 6.1.3 (Kiinneth Formula). Let A 1 x Aq — > Chp L r (resp. Chp ) be a limit diagram depicted 
as 



h 



f 






P2 



■X 



2. 
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such that fi and fi are locally of finite type. Then for every object A of 3?ind|_-tor (resp. 9lmdt OT ), the 
following square 

D(yi, A) x 2)0I 2 , A) vty, A) 

fli X/2! 

D(Xi, A) x D(X 2) A) pt ~^ XP2 *'. D(X, A) 
is commutative up to equivalence. 

This is a formal consequence of Base Change and Projection Formula. We include a proof here for the 
convenience of the reader. 

Proof. The diagram of stacks can be decomposed into a diagram A 1 x A 2 U A i xA i A 2 x A 1 — Chp^ r 
(resp. Chp DM ) as 




where the three rhombi are all Cartesian diagrams. Then we have a sequence of equivalences of functors: 

f\ M-) ® («2-)) - hm\ mPl-) ® 

- /21 {{qmlpl-) ® (P2-)) 

* h. ((/2 /llPl-) ® (P2-)) 

- (/ill?-) ® (/2IP2-) 

^(Pl/ii-)®(rf/2i-) 



by Projection Formula 
by Base Change 
by Projection Formula 
by Base Change. 



□ 



X be a morphism of Chp^ r (resp. Ghp UM ), and A fee an object of 'Rind. 



DM 



Proposition 6.1.4. Let f : y 

TTien 

(1) T/ie functors /*(- <g) -) and (/*-) <8> (/*— ) are equivalent. 

(2) The functors Homx(— , f*—) and /*Homy (/* — , — ) are equivalent. 

(3) Assume that f is locally of finite type; A is in IRind|_-tor a«d 3C is L-coprime (resp. A is in Kindtor^- 
The functors f l Homx(— , —) and Homy (/* — , / ! — ) are equivalent. 

(4) Assume that f is locally of finite type; A is in 3lmdi_-tor <™d X is L-coprime (resp. A is in JHndt OI ). 
The functors /*Homy (— , / ! — ) and Homx(/i — , — ) are equivalent. 

Proof. (1) This follows from the fact that /* is a symmetric monoidal functor. 

(2) The functor Hom(-, /*-) : £>(X,A) op x D(V,A) -> D(X,A) induces a functor Tj(X,A)° p -> 
Fun R (2(y, A), D(X, A)). Taking opposite, we obtain a functor D(X, A) -> Fun L (D(X, A), D(y, A)), 
which induces a functor D(X, A) x D(X, A) — > A). By construction, the latter is equivalent to 
the functor /*(— ®— ). Repeating the same process for /*Hom(/*— , — ), we obtain (/*— )<S>(/*— )■ 
Therefore, by (1), Hom( , /*— ) and /,Hom(/*- , — ) are equivalent. 

(3) The functor / ! Hom(-,-): D(X,A)°p x D(X,A) -> A) induces a functor. D(X,A)°p -> 
Fun R (£>(X, A), D(y, A)). Taking opposite, we obtain a functor D(X, A) -> Fun L (D(y, A), D(X, A)), 
which induces a functor D(X, A) x CD(y, A) — > D(X, A). By construction, the latter is equivalent to 
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the functor — <8>(/i— ) : . Repeating the same process for Hom(/*-, / ! — ), we obtain f\((f*— )<8>— ). 
Therefore, by Proposition 6.1.2, /Hom(— , — ) and Hom(/* — , / — ) are equivalent. 
(4) The functor /,Hom(-,/-): D(y,A) op x D(X,A) -> X>(X,A) induces a functor D(y,A) op 
Fun R (D(X, A), D(X, A)). Taking opposite, we obtain a functor 2) (y, A) Fun L (D(X, A), H(X, A)), 
which induces a functor D(y, A) x D(X, A) — > D(X, A). By construction, the latter is equivalent 
to the functor (g> (/*—)). Repeating the same process for Hom(/i — , — ), we obtain (ft— ) <g) — . 
Therefore, by Proposition 6.1.2, /,Hom(-, / ! — ) and Hom(/r, — ) are equivalent. 

□ 

For an object A = (H, A) of Kind and X of Chp Ar , there is a ^-structure on D(X, A). If X is a 1- 
Artin stack (resp. 1-DM stack), this i-structure induces the usual i-structure on its homotopy category 
Dcart(^H S _6t; A) (resp. D(X? t , A)). In particular, the heart ©^(X, A) is canonically equivalent to (the nerve 
of) the abelian category Mod cart (Xg s _ (5t , A) (resp. Mod(X? t , A)). 

For an object s: X — > SpecZ of Chp Ar , we let Ax = s*Ag pcc z be a monoidal unit, which is an object 
of D^(X, A) C £>(X, A). We have the following. 

Proposition 6.1.5 (Poincare duality). Let f: y —> X be a flat (resp. flat and locally quasi-finite) mor- 
phism o/Chp Ar (resp. Ghp DM ), locally of finite presentation. Let X be an object of 3?ind|__tor (resp. "Rind). 
Then 

(1) There is a trace map Tr / : r-° f\Xy(d) = t-° f\(f* Xx)(d) — > Ax for every integer d > dim + (/), 
which is functorial in the sense of Remark 3.3.2. 

(2) If f is moreover smooth, the induced natural transformation Uf. f\ o/*(dim/) — » idx is a counit 
transformation, so that the induced map /*(dim/) — > /• is a natural equivalence of functors 
D(X, A) — > D(y, A). 

Combining Base Change and Proposition 6.1.5 (2), we obtain the following. 

Corollary 6.1.6 (Smooth (resp. Etale) Base Change). Let 

W—^-Z 

i v 

y — f -+x 

be a Cartesian diagram in Chp Al (resp. Chp DM / ) where p is smooth (resp. etale). Then for every object X 
of 3?ind|__tor ( resp. Kind ), the following square 

D(W,A) -J— T)(Z,X) 

q* p* 

D(y, A) tJ^- — D(X, A) 

is right adjointable. 

Proposition 6.1.7. Let f : y — » X be a morphism of Chp Ar (resp. Chp UM ), X be an object of KindL-tor 
(resp. Kindtor/ Assume that for every morphism X — > X from an algebraic space, the base change 
y X%X X is a proper morphism of algebraic spaces, which implies that f is locally of finite type. Then 
/* and f\ are equivalent functors CD(y, A) — > D(A, A). 

Proof. Let us first show that /* satisfies base change by any morphism g : Z — > X. For this, choose a 
commutative diagram 

Z — ^->- X 



Z— 9 -^X 



G2 
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where X and Z are algebraic spaces, x and z are atlases. Since z* is conservative and base change by x 
and z holds, we are reduced to show that base change by h, which follows from Proposition 5.2.4. The 
equivalence of /* and f\ then follows from Proposition 5.2.4 and recursive applications of 4.1.1. □ 

By construction, a smooth surjective morphism of higher Artin stacks is of ehp ArEO^-descent. And a 
smooth surjective morphism of L-coprime higher Artin stacks (resp. higher DM stacks) is of ehp ArEO;- 
codescent (resp. ehpD MEO r codescent). In other words, we have the following proposition, which implies 
Theorem 0.1.8 by [30, 1.2.4.7] and its dual version. 

Proposition 6.1.8 ((Co)homological descent). Let f: Xq — > X^ 1 be a smooth surjective morphism in 
Chp Ar (resp. Chp DM ; and let X+ be a Cech nerve of f . 

(1) For any object X of !Rind, the map r D(X^ 1 , X) — > lim ^^D(X+ , A) is an equivalence, where the 
transition maps in the limit are provided by *-pullback. 

(2) For any object A of 3JindL_tor (resp. 3?indtor^ and when Aj^ is in Chp Ar (resp. Chp DM / ), the map 
lim ?igA D(A+, A) — > T)(X^ 1 , X) is an equivalence, where the transition maps in the colimit are 
provided by \-pushforward. 

The following lemma will be used in §6.2. 

Lemma 6.1.9. Let f : Y — > X be a morphism locally of finite type o/Chp Ar (resp. Ghp DM ), X be an object 
o/Xmd L -tor (resp. UiindtoJ- Then /, induces D^°(Y,X) D^ 2d (X,X), where d = dim + (/). Moreover, 
if f is smooth (resp. etale), then f\of': D(X, X) — > D(X, A) is left t-exact. 

Proof. We may assume that X is the spectrum of a separably closed field. 

We prove the first assertion by induction on fc when Y is a k- Artin stack. Let J(f £ D-°(Y,X). For 
k = —2, Y is the coproduct of a family (Yi)i e j of morphisms of schemes separated and of finite type over 

X, so that f\X = ® ieI fa{.^ \ Yi) e V^ 2d (X,X), where /; is the composite morphism Y t -> Y A X. 
Assume the assertion proved for some k > — 2, and let Y be a (k + 1)- Artin stack. Let Y m be a Cech 
nerve of an atlas (resp. etale atlas) yo : Yq — > Y and form the triangle (4.15). Then, by Proposition 6.1.8 
(2), f\J(f ~ lim ?igAop f n \y n J(f . Thus it suffices to show that for every smooth (resp. etale) morphism 

g : Z — > X where Z is a k- Artin stack, (/ o g)\g j(f is in D- 2d (X, A). For this, we may assume that g is of 
pure dimension e (resp. 0). The assertion then follows from Proposition 6.1.5 and induction hypothesis. 

For the second assertion, we may assume that / is of pure dimension d (resp. 0). The second assertion 
then follows from Proposition 6.1.5 (2) and the first assertion. □ 

6.2. Constructible complexes. We study constructiblc complexes on higher Artin stacks and their 
behavior under the six operations. Let A = (S, A) be a Noetherian ringed diagram. For every object £ of 
S, we denote by the morphism ({£}, A(£)) — > (3, A). 

Definition 6.2.1. Let A be a scheme. We say that an object J€ of T>(X, A) is constructible if for every 
object £ of 3 and every q 6 Z, H 9 s|JT £ Mod(A, A) is constructible [2, IX 2.3]. We say that an object 
of CD (A, A) is locally bounded from below (resp. locally bounded above) if for every object £ of 3 and 
every quasi-compact open subscheme U of X, s^J^f \ U is bounded below (resp. bounded above). 

Let /: Y — > X be a morphism of schemes. Then /* preserves constructible complexes by [2, IX 2.4 
(iii)]. Moreover, 6 D(X,X) is locally bounded below (resp. from above) if and only if there exists 
a Zariski open covering (Ui)i^i of X such that J?T | Ui is bounded below (resp. from above). It follows 
that /* preserves locally bounded complex from below (resp. from above). Therefore, Definition 6.2.1 is 
compatible with the following. 

Definition 6.2.2 (Constructible complex). Let A be a higher Artin stack. We say an object Jff of D(X, A) 
is constructible (resp. locally bounded below, resp. locally bounded above) if for every atlas / : Y — > X with 
Y a scheme, f*J(f is constructible (resp. locally bounded from below, resp. locally bounded above). 

We denote by 2) cons (A, A) (resp. 2)«(X, A), D(")(A, A) or V^(X, A)) the full subcategory of D(X, X) 
spanned by objects that are constructible (resp. locally bounded below, locally bounded above, or locally 
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bounded from both sides). Moreover, we let 

VHl(X, A) - D cons (X, A) n D(+)(X, A); 
D{~UX, A) = D cons (X, A) n D(-)(Jf, A); 

A) = 23 cons (X, A) n D ( V {X, A). 

Lemma 6.2.3. 

(1) Let f : Y — >• A" 6e a morphism of higher Artin stacks, J(f be an object of T>(X,X). If is 
constructible (resp. locally bounded below, resp. locally bounded above), then f*J(f satisfies the 
same property. The converse holds when f is surjective and locally of finite presentation. 

(2) Let X be a higher Artin stack. Then — (&x — induces 

3L': -®x-: 1> { c»Ux, A) x D { m L(X, A) -> dU.(X, A). 
In particular, D { ~]l s (X , X)® [30, 2.2.1] is a symmetric monoidal category. 

By (1), for every morphism /: Y — > X of higher Artin stacks, /* induces 
1L': /*: T> cons (X, A) -> V cons (Y,X). 

Proof. (1) Let us show the second assertion first. Up to replacing X by an atlas, we may assume 
that X is a scheme. Up to replacing Y by an atlas, we may further assume that Y is a scheme. 
The second assertion then follows from [2, IX 2.8 (resp. 2.8.1)]. 

To show the first assertion, we may assume AT is a scheme by the second assertion. We 
may further assume that Y is a scheme. In this case, the first assertion has been recalled after 
Definition 6.2.1. 

(2) We may assume X is an affine scheme. The assertion is then trivial. 

□ 

To state the results for the other operations, we work in a relative setting. Let S be an L-coprime 
higher Artin stack. Assume that there exists an atlas S —> S, where S is either a quasi-excellent 8 scheme 
or a regular scheme of dimension < 1. We denote by Chp^L s C Chp^g the full subcategory spanned by 
morphisms X — > S locally of finite type. 

Proposition 6.2.4. Let f : Y — > X be a morphism of Chpj^/5 and X be a Noetherian L-torsion ringed 
diagram. Then the operations introduced in §6.1 restrict to the following 
2R': f : V cons (X, A) -> V cons (Y, A); 

3R': Hom x (- -): T>U S (X , X)°p x D { c tL{X,X) -> T> { +L{X,X). 
If, moreover, f is quasi- compact and quasi-separated (Definition 5.4-3), then we have 

1R': /* : T>itL(Y, X) -> T>H1 S (X, A); 
2L': /, : V^Y, A) -> T>Ub(X, A). 

Proof. We prove by induction on k that the assertions hold when / is a morphism of fe-Artin stacks. The 
case k = —2 is due to Deligne [3, Th. Finitude 1.5, 1.6] if S is regular of dimension < 1 and to Gabber [33] 
if S is quasi-excellent. In fact, in the latter case, by arguments similar to [3, Th. Finitude 2.2], we may 
assume A = (*, Z/nZ). Now assume that the assertions hold for some k > — 2 and let / be a morphism 
of (k + 1)-Artin stacks. Then (2R') follows from induction hypothesis, Proposition 6.1.5 (2) and (1L'); 
(3R') follows from induction hypothesis, Proposition 6.1.4 (3), Proposition 6.1.5 (2) and (1L'), (2R ! ). It 
remains to prove (1R') and (2L'). 

By smooth base change (Corollary 6.1.6), we may assume that X is an affine scheme. Then Y is a 
(k + 1)-Artin stack, of finite type over X. It suffices to show that for every object of S (Y, A) (resp. 
?c-o° ns (^A)), (resp. fiJtT) is in T>^ ns (X,X) (resp. V^ S (Y, A), where d - dim+(/)). Let Y. be a 

Cech nerve of an atlas j/o : Yq — > Y, where Yq is an affine scheme, and form a triangle (4.15). Then for 



A ring is quasi-excellent if it is Noetherian and satisfies conditions (2), (3) of [1, 7.8.2]. A scheme is quasi-excellent if 
it admits a Zariski open cover by spectra of quasi-excellent rings. 
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n > 0, f n is a quasi-compact and quasi-separated morphism of fc-Artin stacks. By Proposition 6.1.8 and 
(resp. the dual version of) [30, 1.2.4.7], we have a convergent spectral sequence 

K q = K q (f P *y;^) =► IP+V*^, (resp. E?'« = W{f^ p ,yl p je) rP+<7,Jf ). 

By induction hypothesis, E^' 9 (resp. E^' 9 ) is constructible for all p and q and vanishes for p < or 
q < (resp. p > or g > 2d by Lemma 6.1.9). Therefore, (resp. f\Jf) is in D^,° S (X, A) (resp. 

V£«(X,\)). □ 

6.3. Compatibility with Laszlo Olsson's work. In this section we establish the compatibility be- 
tween our theory and Laszlo-Olsson's work [24], under the (more restrictive) assumptions of the latter. 

We fix L = {£} and a Gorenstein local ring A of dimension and residual characteristic I. We will 
suppress A from the notation when no confusion arises. Let S be an L-coprime scheme satisfying the 
following conditions. 

(1) S is affine excellent and finite-dimensional; 

(2) For every S-scheme X of finite type, there exists an etale cover X' — > X such that, for every 
scheme Y etale and of finite type over X', cd^(F) < oo ; 

(3) S admits a global dimension function, which we fix in this section. 

Remark 6.3.1. In [24,25], the authors did not explicitly include (3) in their assumptions. However, their 
method relies on pinned dualizing complexes (see below), which make use of the dimension function. 
Careful readers may also notice that our assumption (2) is slightly weaker than the assumption on 
cohomological dimension in [24]; for example, (2) allows the case S = SpecR and £ = 2 while the 
assumption in [24] does not. Nevertheless, our assumption (2) implies that the right derived functor 
of the countable product functor on Mod(A ct , A) has finite cohomological dimension, which is in fact 
sufficient for the construction in [24]. 

Let ChpJ^yg be the full subcategory of Chpj^ t r y S spanned by (l-)Artin stacks locally of finite type over 
S, with quasi-compact and separated diagonal. Stacks with such diagonal are called algebraic stacks 
in [26] and [24,25]. We adopt the notations B cons (Xi is - ct ) Q B car t(Xi is _ ct ) from §0.1. For a morphism 
/: y — >• 3C of finite type (in 6hp lft /f ), Laszlo-Olsson defined functors 

R/. : B-W^ns-ct) B(+) s (X lis -6t), R/, : B^ GWet) -> D^, (X^), 
B C ons (Xli s _6t) ^ B cons (yii S _ c t), R/ B cons (X) ^ B cons (yij S _et), 
RHomx: B^^Xns-ct)^ x DW(l lis , t ) B c +) s (X Us _, t ), 

-®x - : Dii(Xwt) x DH(X Wt ) _> D^sP^t). 
Using the methods of [24] , four of the six functors can be extended to B cart : 

B^O^ n s -ct) ->• B^^Xiis-ot), 

L/* : B car t (Xli s -gt) - > B car t(yiis-et)) 

RHom x : B cart (X 

lis-et) ^ X B car t (Xii s - C t) ^ B car t (Xii s -et) , 

L 

— <S>x — : B car t(Xii S _ ct ) x B car t(Xii S _ et ) — > B cart (Xii S .^t)- 
For L/*, one imitates [24, 4.3] and apply [24, 2.2.3] to B cart . The other three functors, R/*, RHomx, 

L 

and — ®x — , are standard functors for the lisse-etale topoi (see also Remark 6.3.3 (1)). The six operations 
satisfy all the usual adjointness properties. On the other hand, restricting our constructions in the two 
previous sections, we have 

2>< + >(X), /i: 3)H(1)) -> D^b(X), 
/* : D(X) -> D(V), f : D cons (X) -> B cons (y), 
Homx: D{X) op x D(X) -> D(X), 
- ®x -: 'D(X) x B(X) D(X). 
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By Corollary 5.3.6, we have an equivalence of categories 

(6.1) hD(X)~D caxt (Xi is .g t ), 

and, by restriction, an equivalence hD cons (X) ~ D cons (Xii S _et). The main result of this section is the 
following. 

Proposition 6.3.2. We have equivalences of functors 

h/*~R/*, h/.-R/,, h/*~L/*, h/ ! ~R/ ! , hHomx ~ RHom x , h(- ® x -) * (- ®x -), 
compatible with (6.1). 

Proof. The assertion for — ®x — follows from construction. By adjunction, the assertion for Homj holds. 
Moreover, by adjunction, the assertion for /* (resp. f\) will follow from the one for /* (resp. /'). 

Let us first prove that h/* ~ L/* : D cart (Xii S _et) — > D car t(Vii S -et)- We choose a commutative diagram 




where the vertical morphisms are atlases. It induces a 2-commutative diagram 




Using arguments similar to §5.4, we get the following diagram 

/.*« 



DcBrt(Mod(y., tt )) 



2) cart (Mod(AVet)) 



»7y,ca 



5), 




l'cart(yiis-ct) — 

By [24, 2.2.3], 77^ cart and ??y cart are equivalences. By the construction of Lf*, Lf* fits into a homotopy 
version of the rectangle in the above diagram. Therefore, we have an equivalence h/* ~ Lf* . 

Let S7s G D(S) be a potential dualizing complex (with respect to the fixed dimension function) in 
the sense of [35, 2.1.2], which is unique up to isomorphism by [35, 5.1.1] (see Remark 6.3.3 (1)). For 
every object X of Chp lft / S , with structure morphism a: X — > S, we let fix = a'fis- Let u: U — > X 
be an object of Lis-et(X). Then w*fix ~ £lu{—d) by Poincare duality (Proposition 6.1.5 (2)), where 



d = dimu. Consider the morphism of topoi (e*,e*): (Xi; s -6t) 
equivalence fix | (Xn s ^ t ) 



/u 



/U 



{Jgf Applying 5.3.2, we get an 
e*fia(— d), where we regard fix as an object of 2) C art(Xii S -ct) and fify 
as an object of D([/<st)- The equivalence is compatible with restriction by morphisms in Lis-et(X), so 
that fix is a dualizing complex of X in the sense of [24, 3.4.5], which is unique up to isomorphism 
by [24, 3.4.3, 3.4.4]. Let D x = Hom x (-,fix), D x = RHom x (-,fix) h£ x . By [24, 3.5.7], the 
biduality functor id — > Dx ° Dx is a natural isomorphism of endofunctors of D cons (Xn s _6t). Therefore, the 
natural transformation h/' — > h/' o Dx ° Dx is a natural equivalence when restricted to D con s(Xii S _6t). 
By Proposition 6.1.4 (3), 

/ ! oB x oBx^ / ! Homx(2)x-, fix) s Hom a (/^ x -, / ! fi x ) s Hom y (/*D X - fiy) = By o /* o D x . 
Since h/* ~ Lf* , this shows 

h/'-DyoL/* oD x =R/ ! , 



m 
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where the last identity is the definition of R/ ! in [24, 4.4.1]. □ 
Remark 6.3.3. 

(1) As Joel Riou observed (private communication), although the definition, existence and uniqueness 
of potential dualizing complexes are only stated for the coefficient ring R = "LjnTL in [35, 2.1.2, 
5.1.1], they can be extended to any Noetherian ring R! over R. In fact, if S is a dimension 
function of an excellent Z[l/n]-scheme X and Kr is a potential dualizing complex for (X,S) 
relative to R, then Kri = R' ®r Kr is a potential dualizing complex for (X, 5) relative to R 1 by 
a projection formula that follows from the fact that the punctured strict localizations of X have 
finite cohomological dimensions [19, 1.4]. Moreover, by the theorem of local biduality [35, 6.1.1, 
7.1.2], Kr/ is a dualizing complex for Dj? ons (A ct , R') in the sense of [35, 7.1.1] as long as R' is 
Gorenstein of dimension 0. 

(2) Let / : y — > X be a general morphism of Artin stacks, A be a general ring. Then we can define 
Lf* similarly to [32, (9.16.2)], so that we have functors 

Lf* : D+ art (X lis _ ot , A) -> D+ rt (y lis -ct, A), 

L 

- ®x — : D cart (Xii S _6t, A) x D cart (Xi is _6t, A) — > D cart (Xn s _ct , A) . 

If there exists L such that A is L-torsion and X is L-coprime, then the functors R/* and RHomj 
for the lisse-etale topoi induce 

Dcart (Vus-fitj D c!art(^lis-6t, A), 

RHomx: D cart (Xii S _ et , A) op x D car t(Xi is _ ct , A) — > D cart (Xi is _6t, A). 

Indeed, the statement for R/*, similar to [32, 9.9], follows from smooth base change, 
while the statement for RHomx, similar to [24, 4.2.2], follows from the fact that the map 
j*RHomx(-,-) — > RHomy(<7*— ,<?*— ) is an equivalence for every smooth morphism of 
L-coprime schemes f:Y — > X, which in turn follows from Poincare duality. Similarly to 
Proposition 6.3.2, the four functors above are compatible with the functors /*, — ®x — , /*, 
Homx we constructed. 

(3) As a consequence of Corollary 5.3.6, we also have the compatibility for extension of scalars. More 
precisely, given a general Artin stack X and a general homomorphism of rings g: A — > A', there 
is an equivalence between the functor 

L 

LE g = — <8>a A : D cart (Xiis-a, A) -> D cart (Xi is _ 6 t, A') 

and hE 9 , compatible with (6.1), where E g : D(X, A) — > 2)(X,A') is the functor constructed in 
§6.1. 

6.4. A remark on the Noetherian case. Recall the following result of Gabber: for every morphism 
/ : Y — > X of finite type between finite-dimensional Noetherian schemes, and every prime number £ 
invertible on X, the ^-cohomological dimension of /* is finite [19, 1.4]. In particular, /*: T>(Y,X) — > 
D(X, A) preserves small colimits and thus admits a right adjoint. 

Let S be an L-coprime higher Artin stack admitting an atlas S —> S where S is a scheme admitting a 
Zariski open covering by finite-dimensional Noetherian schemes. Let A = (S, A) be an object of ftind|_-tor- 

Proposition 6.4.1. Let f : Y — > X be a morphism in Chp^ t r / S . Then f: D(X, A) — > D{Y,X) admits a 
right adjoint. Moreover, if f is 0- Artin, quasi- compact and quasi-separated, then /*: D{Y.\) — > D(X, A) 
also admits a right adjoint. 

Proof. Let g : Y\ Z- L = Z — >• Y be an atlas of Y. By Poincare duality, g- is conservative, and h\ exhibits 
D(Z, A) as the product of D(Zi,X), where hi - . Z{ — > Z. Therefore, To show that /• preserves small 
colimits, it suffices to show that, for every i, (/ o gi)- preserves small colimits, where g{ \ Z{ — > Y . We 
may thus assume that X and Y are both affine schemes. Let i be a closed embedding of Y into an affine 
space over X. It then suffices to show that v preserves small colimits, which follows from the finiteness 
of cohomological dimension of j* , where j is the complementary open immersion. 
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For the second assertion, by smooth base change, we may assume that X is an affine Noetherian 
scheme. By alternating Cech resolution, we may assume that Y is a scheme. The assertion in this case 
has been recalled above. □ 
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